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INTRODUCTION. 



The Doctrine of Limits is now very generally adopted as 
the basis of the Differential and Integral Calculus. 

0£ the methods which were formerly in use it may be 
adyantageons to the mathematical student to glance at some 
of the most prominent. 

By inscribing successively in a circle, regular polygons of 
fbur^ eighty sixteen, thirty-two, &c, sides, we may at length 
suppose a polygon to be inscribed whose area shall be less 
than that of the circle by a quantity so small as to be unas- 
edgnable. In this manner the area of the circle may be said 
to be eaAofUited. Hence, the method which was based upon 
this mode of operation was termed the Method of Ex' 
hofusHons. 

In the early part of the seventeenth century a work was 
pobliBhed, in which all quantity was assumed to be composed 
of elements so small that it would be impossible to divide 
tliem. An infinite number of points in continued contact 
were sapposed to form a line, an infinite number of lines to 
£>rm a snr&ce, and an infinite number of sur&ces to form a 
solid. Now, since a line has magnitude, namely, lengthy 
and a point has no magnitude, it is obvious that a line 
cannot properly be considered to be made uq of a asnea of 
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(17.) u=:^ /\y a-^x+y/ a+x+ VoHMH- <fec. in inf. 
u2=a+a5+\/a+a5+ \/a+a+ <fec. in in£ 
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dx dx' 



(2«-i)x:=i. 



dx 



du__ 1 
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But \' u^—u^a+Xy 
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dx ^/Tx+Za+l 



(18.) t«=l + 



X 



1 + 



a; 



1+ 



a; 



1 + <&c. in inf. 



;.w=l+-, 
(2«-l)^=l, 



t«2— M=a5, 



^ du du - 
2m^; ^=1> 



c^ (ila; 
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J2« 



dx 2m— 1' 



1]> 1 4a;4-l 1 V^x+l 

^21 4 4 2 2' 



2m— l=V4a5H-l, 



^M 



^05 v4a3-|-l 
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(19.) 2Ma3+aM'— 5052=0. "^IThis is an implicit function. 

ft c. du ^ du ^^ ^ \ Jm ef m - 

2M+2a;'-; — \-2au'-z 2bx=z\j. , w+a?-; — \-au-ri 6a3=0, 

dx dx ^ dx dx 
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, . du . \ 

^ ' dx j 
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But \'hoi^-^ux=:au^-\-uXy {bx—u)x={au-\-x)u, 
hx — u u du u 



(20. 

(21. 
(22. 

(23. 

(24. 



/ 



(25. 



(26. 



sJ (27 



(28. 
(29. 



(30. 



(31. 



(32 



au-{-x X d 


X X 


u=2a+5x. 


du 
dx" 


u^m-\-nx. 


du 
dx" 


u=c—2a?. 


dx 


M=:2aj2-3aj-f6. 


f-4x 3. 
dx 


tt=4aj8-2aj2-|-3a;. 


f=l2a? ix+3. 


M=r(a+5aj)a^. 


'{^-{Ux+3a)a?. 



ti= vfl^nPo^. 



"=(m) 



u= 



X 



(a+aj8)2 
tt={aj2+(a+iB2)*}*. 
du X 



du 



X 



dx \/iB2+a2 

^""(TT^^*^ 

rft«__^2a;(a— 2a^) 

dx \/aj2+v^a+a2 2\/a+^+aj2vT+^ 

dy h X 



a2y2 + ft2aj2-.^2^,2 

w=(l4-aj)v 1— a;, 
re* 



M = 



^"(1-052)3 



flfa; a *>/ d^^o^ 
du 1 — 3rc 
dx 2 V 1 —a; 
^M 3ic2 
dx (1 — a!2)f 
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(33.) tf=-T= — = , ^ -2x' 

(34.) u= a/E^. ^= ^^=' 

^ ' ^ 1+Va (/a; 2(1 + V^) \/SlI^ 

(35.) u=(aa?+5)2+(aj-5)V'a2Z:^. 

^^■..^(.^,.),2(aH^a.~2a^) 

j 

85 / :, du 8b 3aa; — 4i»2 

(36.) tt= — •xVax^sd^. — = — • — » 

3a dx 3a 2vax^a^ 

m) 1.=—=^=. rfef^-a4(a2-2^)^ 

, '^ 2v^a2a2-aj4 dx 2aP{a^-ic^i 

(40.) «=— 7=^=r-. — = -^— r^ -. 

V a— a; <iic 6 (a^ -j. ap)f, (a — aj)t 

(41.) w=a<aHaj2) (a^-icZ)* y-- • 

ax w a^ — ar 

(42.) w= Y 2a;— 1— \/2a;— 1— \/2a?— l~&c. in inf. 
[ du 2 



(43.) tt= 



^a; -/Saj—S 
a;** Jm wa?**"* 



aJ* </a; -v/l — 4a;'* 



7^ 

1 



1 — &c. in inf. 
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(44.) «= 



H.(l_4a.»)4* 

du_ 2x{l-^{l'-4af)^+naf'{l'^4:x'')-^} 
dx~ l-j-(l_4af)4_2ic* 



CHAPTER 11. 

TRAlSrSCENDENTAL FUNCTIONS OF ONE VARIABLE. 

du 
Ifu=sina;; -=-=(508 a. 

ax 

du 
tf=cosa;; — =— smas. 

CoX 

u=tana?; -j-=l+tan2a5=sec2a5=- 



u=cot X ; -j-= — (1 + cot^a;) = — cosec^a; = — r 



dx ^ ' WL^x 



du 
ti=rseoa;; -r-^sec a;, tan a;. 

dx 

du . 

tf=ooseca;: -i-^ — cosec a?, cot aj. 

dx 

du 
tt=v. sin X ; — =sm x. 

du a 
u=\ogax; ^=-. 

— =«*. 
dx 



W=b , 



*^ . r^ du ^. dm^x ^. 

-Et /l.) Lettt=sin2aj. Then— =2sma?.— ^— =2sinaj.cosa;. 
« ^ dx ax 




OF OKE VABIABLE. 9 

(2.) tf=oosfn^. ie. the cosine of tlie product of 

m and x, 

du dcoamx dmx 

"7-=: ; =— sin ma;. ■— ; — =—m sin ma;. 

dx ' da cue 

(3.) «=sin ^a, cos a. 

du, . o ^cos^ , dmAc 

-;-=sm^d?. — ; hc^^* — ;-— - 

dap . da dx 

=sin^a?. (— sind?)+cosa?. Ssin^d?. cosd? 

= 3 sin^a? cos^d?— sin^a?= sin^j? (3 cos^j? — sin^o?) 



=sin2a?(3. 1— sin^d?— sm2a?)=sin2a?(3— Ssin^a?— sin^o?) 

/= sin 2^? (3 — 4 sin^a?) . 
u^s^e"^, cosar, e being the base of the Napierian 
system of logaritlims. 

du ^ dcosa: de"^ 

ax ax . ax 

=e*. (— sina?)+cosa?. ^=^ (cos a?— sin a?) . 

du_ ^f^.JOOBX ^_^ ,COBX ^^2^t^00BX 

dx dx dx dx 

=a?. «<^^^(~sina?)+«^*=e^^^ (1-arsinar). 

,^ V ,/ sin"*a? 

(6.) ^ «=--—. 
^ , cos^a? 

^^__ cos*a?, msin*"~^a?. cosa?--sin*"a?. ncos**- 'a?(— sinar) 
dx cos2»a? 

m cos»*+ *a?. sin"*- *a? n sin"»+ ^x. cos"- ^x 

cos2»a? cos^a? 

mshi'"— ^a? wsin'''+'a? 
cos*- *a? 00^*+ ^a 
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Tj,. . i V^ ^ 2V;P 2.2 ^_JL . J. . 

_ 5 4a? 

dx il v^ ^ .1 i2a:V^ 3(c2-aj2)*J 



/ ^ 4a; \ 35 4a; 

\2ajv^ "" TVW^f 2a; V^ "" "F^^ 



/ 



va; vaj 



(^«-> «=;T;fc^- 



«+ vTZ^-a;/! -^ \ 

du__ V x/nrg?; 

a?» 



vT=^+ 



^/l-a^» l-a?^H-a;2 



2a;VT^=^+l 2a<l -02)^.^13^ 

1 

"'2a<l-a?)+'/n^' 

(17.) w=/y a+a;+\/aH-a;+ \/aT«+ <fec. in inf. 
tt2=a-f.a;+\/aH-a;H- va+a4- &c. in inf. 
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du^^ du 
flfe"~ dx' 



(..-1)1=1, 



du 



" dx 2u—l' 



But Vtt^— tt=o+a;, 



tt^ — u4-— 
^2 



1 4o + 4a;+l 
=a+a;+j= J 



«-r 



i2 



<^tt 



rfaj A/4a?+4a+l 



(18.) M=l + 



a; 



1+ 



a; 



1 + 



X 



1 + &c. in inf. 



X 






dx cfec"" * 



(2«-l)^=l, 
^ ^ ux 



du 



dx 2w-l' 



1]> 1 4a:+l 1 y4aj+l 

^21 4 4 2 2 



2w— l=v^4a;+l, 



^2< 



efoj \/4a5H- 1 



\ 



(19.) 2 Moj+ai**— 5052=0. '^This is an implicit function. 

</m du ^ \ , ^W ^^ r A 

2u-^2x*-r: — \-2au'-i — 2605=0, ^ u+x-z — \-aU'T — 6a5=0, 
dx ax ax ax 

\ 

, . du ^ \ du hx^u 

(at* +05) --7-= 005— u, ! .*.-r-= • 

^ ^ dx / dx au-^x 

By 
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But v^a^— MaJ=aw2-|-ttaj, {ha;'-u)x—(au+x)Uf 



hx— 



u u 



(20. 
(21. 
(22. 
(23. 
(24. 
(25. 
V (26. 

V(28. 
(29. 



(30. 



(31. 



(32. 



au+x X 

tt=2aj2— 3aj+6. 

u=zia?—2aP+Sx. 

u=r{a-^bx)afi. 

\1 +«/ 

^"(a+aj3)2' 

du X 



du u 
dx X 



dx~~ 



du 
dx 



=w. 



du 
dx 



= -6aj2. 



^=4a:-3. 
dx 

ax 



du 



X 



dx va^+^ 

du^ wof*"* 
5S"(l+a;)'»+^ 

efM_2a;(a— 2£C^) 
^^ (a +05^)^ 



</a; \/aj2-|- A/a+aj2 2\/ a +052+0^ a/ a + i»2 



a2y2 ^ J2jj32~^2^2^ 

«=(l+a;)\/l— 05. 
a;» 



M = 



v/(l-a2)3 



du 1— 3a; 
dx 2 \/l —a; 
du_ 3a52 



^ 



OF ONE YABIABLE. 



(33.) u= ,— — —=-=Z=-2x- 

Va^+l+x dx Va?+1 



•=A/i 



— va du 1 



(35.) u=:(aa?+bf'^(x'-h)\^^^^. 

dx WC^—T? 

%l . . du 8b 3aaj — 4jb2 ' 

(36.) tt= — -ajv oo;— ar. — = — • — « 

3a da? 3o 2vaa5— o^ 

a^ du -a4(a2-_2aj2) 

(37.) w= — y — = ^^ r-^ 

/ ^ 2v^a2aj2_a4 ^a; 2a>^{a^-aP)i 

//38\ ^_ (^+^)^ ^=£ A /f±^_i A //E±f?. 
^ ^ '^ (aj-o)* <fa: 2 V ^.-a 2 v Vaj-J * 

,«*vx vaj2+l— oj {fw — 2aj 

V^+l+a <^ Va?+l.(\/a?+lH-a;)2 

(40.) w=— 7=^=— — = -^— ^^ -* 

va— 05 daj 6(a2-j-a3^t.(a— a;)t 

(41.) tt=a;(a2+ar) (a2— oj^)'. — = — . 

dx wd^s^ 

(42.) w=/y/2aj— 1— \/2a;— 1— \/2ic— 1— &c. in inf. 

(fet 2 



(43.) t*= 



<fa5 v8a--3 



aj* </« V'l — 4a;» 



1 — &c. in in£ 
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(44.) U=z 



<ftf_ 2a;{l + (l-4a:^)^+na?^(l-4a;^)-^} 
dx" lH-(l— 4af)*— 2ic* 



CHAPTER 11. 

TRAlSrSCENDENTAL FUNCTIONS OF ONE VARIABLE. 

du 
llu=saix: -T-=cosa;. 

ax 

du 
tf=cosa;; -7-=:— sin a;. 

ax 

tf=tana;; -r-=l+taii2a;=sec2a5=. 



dx cos^x 

u=icotx'y -7-= — (1 + cot^a;) = — cosec^aj = — 7 



^ ^^ , , san^x 



du 
ti=seoa;: -r-=seca;. tana;. 

dx 

du 
tf^ooseco?: -:r-= — cosec aj. cot a?. 

du 
tt=v. sm X ; -7-=sm x. 

du a 
u=logax; ^=-. 



— =^. 
i2a; 



tt=47 ^ 



•^ ^ (;?t4 ^ . dwiLX rt • 

Jbc fL) Lettt=sm2a?. Then— =2sma?.-^=2sinaj.cosa 




OF OKE VABIABLE. 9 

(2.) tf=cosfn^. Le. the cosine of tlie product of 

m and a. 

du dcoamx dmx 

— -=r =— smiwa?.— ^ — ==— wsmwoj. 

dx ' dx dx 

(3.) tt = sin ^^. cos X. 

du, . « ^cos^ , dmihe 

3-=sm^a?. — |-c6sa?. — - — 

dx dx dx 

=sin^a?. (— sind?)+cosa?. Ssin^d?. cosd? 
=3 sin^a? cos^a?— sin^a?=sin2a? (3 cos^a?— sin^a?) 



=sin2d?(3. 1— sin^iT— ffln2ar)=sin2ar(3— 3sin2a?— sin^ar) 

/=mi^x (3—4 sin^o?). 
tt=«*. cosa?, e being the base of the Napierian 
system of logarithms. 

du ^ dcosx der"^ 

ax ax . ax 

=e*. (— sina?)+cosa?. ^=^(cosir— sLnar). 

dx dx dx dx 

=^.«<5^«(-sina?)+«^°8*=e^^^(l-arsinar). 

. ^ sin«a? 

(6.) '^ «== — —. 
^ \ cos^a? 

^2«__cos"ir. wsin*»»-ia?. coar— sin*»a?. wcos"- 'a?(— sina?) 
dx cos^x 

mcos»»+*a?.sin"*-^a? w.sin*»+*a?.cos*»"-*a? 

cos2»a? cos^^a? 

msm^—^x wsin"'+'a? 
COS*" ^x 00^*+ ^a? 



10 TRANSCENDENTAL FUNCTIONS 

l/ (7.) u = COS- ^x -s/ 1 — a^. This is an inverse function. 

Put d? V 1 —g?'=zz. Then w=cos~'*;2r ; /. cos w= » ; 

du ^ du \ 1 1 

— smt«. — =1 .'. — = 



dz dz sine* \/l— cos^m \/1— j?^ 



^yi-afi+ixi^ 



But V ;2f=iPV 1— d^, .*. — =d?« = + V'l— a?2 

-a?2H-l-^ 1-2^ 



^/Ti:^ yr=^ 



„ <?w (fw dz 1 1— SiT^ 

Hence — = — • — =— • 



dx dz dx v^TH^h:^ v^l-a;2 

l-2a?g 



^ (8.) t«=a(smii?— cosd?). 



— =o (cosd?+sin^). Squaring, we have 

—\ =a2(cos2a?+8in2a?+2siniPCOsip)=a2(l-|-2 sinarcosar). 
t*2=e»2(cos2a?+sin2ip— 2 sina?cosa?)=a2(l —2 sin^rcosar). 

*)V^=..=. .•.©■=2«.-«.. .-.S"^^^^. 

(9.) t«=(loga!*)"». 

Put j8f for loff iT*. then w=;2r~, .'. -7-=»»5r«»-* : 

dz 

_ _ {?;2r war**-* n 

and v^=loffa;*, •'•-t"= — z — =-• 
® * dx af" X 

„ du du dz , n mnCiogaf*)'^-^ 

Hence -r-=-7---r-=w;2r'"-*»-= ^ • 

ax dz dx X x 



(10.) log«= 
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X 



SB J 

du 1 VTT^ aJ2-l+d^» -1 



du u 



• ■ 



1 



-1. 



dx sfi'^l+a^ 

(11.) tt=a?«t«^"X 

logM=logd?+taii-*a:. loge 

=loga?+taii-*ir, V log^=l, 

du 1_1 1 _ l-^x^+x 
dx'u'^a'^l+aP x{l-\'X^ 

.(ft^_ g*»^"^^(l4-d?+a?^ 
"^"" IH-^ 

^^^ V ^ (« aii^ — cosa?) 
(12.) «= ^,^1 ^- 

Since the denominator is constant, and since the differen- 
tial coefficient of «*** is a^, 

•^.•.—=-5 — =-{ae*'(asina:— cosir)4-^(ocosd?+sina?)} 
=-5 — -{a^sina?— acosd?-f-acosa?+sind?} 



+ 

..Mm 
^1 



= e^. sin^« 



(a24-l)sind? 



12 
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j 



(13.) t«= log -7= 7=- 

V a— V d? 






(yj-^).-^-(v^+y5).(-^) ^_^ 









2 vd?( v^— \/jp) ( \/a + v^) 2 V^iF(a — d?) vJ(a —a?) 
» (U.) w=a^''+'. 

log %=(;•■+•. log a. 



log (log w) = (a^+ir) log (j+log (log a). 

Put 4r=log M, 



X,. ^^ 1 1 



rft* u /!«'•+'' 



log '2f=(aJ^+ir) log <r+log (log a), 

j^ 1 

— .-=log c (2d? 4-1). But ;y=c*'+*. log a, 

(MB X 

dz 
.-.— =:4r. logc (2a7+l)=loga. logc. <?'•+'. (2^?+!). 

Cm? 

Hence ^^4i"j'^^'^^^' ^^^^' **''^' <''''*"' (^^+1). 



(15.) M=smd?v — l—cosd?. 



(16.) tt=cos(siiiar). 



(17.) tt=sm~^-. 



(ftt / 

■7- = cosd? V — 1 + sLaa?. 

— -= — cosar sill (siiiar). 
ax . ^ ' 



(18.) 2t=« 



sin a; 



dx 
or 
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(19.) u=m.^.^-^. d^=-U^- 

(20.) «=ain-« a/^=^'- ^"- , " 

(21.) «=cosaf+cos2*+co83a;+ <fec. 

— =— (smiFH-2siii2d?H-3siii3ar-|- <fec.). 

(22.) u=rcot Vwia?H-a)2. -— =— , ^ — -J — ^* 

e^ 1 



(23.) «=tan-^ a/L^. ^ 

(24.) ««=tan * A/ — = . 

(25.) 2.= v/TT^+sm-^x $^= A /?— ^• 



(26.) 'W=cosec"*wa^. 



£^ 



cir xVm^a:^— 1 



(27.) 24=log(smir). -T-=cotd?. 

(28.) w=:sm (logo?). ^==~" ^^® O^g^)- 

/Oft \ 1 ^ C?M 1 1 

(29.) w=log 



(30.) w=(log)«a:. 



x+y/TT^ dx a: ^l+a^ 

du 1 



C&F iT logiT (log)2a? . . . (log)'*"*a? 



* This expresmon means the n^ logarithm of x, not the w*^ power of 
the logarithm of x. Log (log a:), which means the logarithm of the 
logarithm of x, might be written (log)?x. 

C 
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du 



(31.) w=log;r— log (a— 'Jd^—os^ . — = . . 

(32.) w=logvfflni+logvoosa?. — =cot2ar. 

fjLX 

(33.) w=log{a?+ v^--a2\+sec-*-. — = — 7===- 

(34.) w=loff • — = ■ ■ 

^ ' ^ ^l^a^ dx (l-a;2)vTT^ 

(35.) u^x'.p- ^=^(log;r+l). 



(36.; 



dx 

, du a^^*Aosa 

u=a^^\ -7-= 2 — 

007 X 

(37.) u=:x^. S~^* W^^S^ (}ogx+ 1)+-| • 

c^ /sinap , \ 

(38.) w=a?«^'. ^"^""'l +cosa?. logarj • 

(39.) u=:^coarx, ^=«*»*(acosrd?— rsmro?). 

(41.) «=*'. ^=^-*'^*'« t) • 

(42.) tA=e^(aiiir^)", ^=e^(smra?)"'""*(asmrd?+mrcosrar). 

^ *^ "" ' dx^logx {logYx . . . (log)*"^*? ' 

(44.) u=ytajiaf*f y being a function of a?. 

du dy , A 
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(45.) u=z^, z, V, and y being functions of a. 

du - r. ^y y -i dv 1 dz) 



du ^ (^ - dy y . dv l az) 
^=.- ^|log..log. J+f log.^+-.^} 

(46.) u=^az-\'miz+az COS z, x=^a—acosz. 



CHAPTER III. 

SUCCESSIVE DIFFERENTIATION. 



Ex. (1). Let u=af^. 

Differentiating, we obtain the first differential* coefficient, 
du 

CUV 

Differentiating, we obtain the second differential coefficient, 

Differentiating as before, we have tbe (kird, 
d^u 



dsfi 



=n(n-l)(n-2)a;*-8. 



^=n(n-l) {n-^) {n^Z)a?^. 

^=w(n-l) (n-2) .... (n-r=l )«-'•. 

It must be borne in mind that dhi^ dhb, dht>, &c. d^u are 
merely symbols; and that da^, dafi^ da^, <Sec. daf are powers 
oidx* 



16 Leibnitz's theobem. 
(2.) w=log^. 

c^_l dhi_ 1 d^u_2 

dho 2-3 d^x 2.3.4 



eir* a?4' dir«~ a;* 



', &c. 



(3.) tt=:a'. •^=(loga)V. 

(4.) tt=ismnar. -^— =nrsiii(»ar+r-j • 

(5.; u^e'*. -— --.=a4gfl*^ 

Leibnitz^ Theorem, whicli is useful in finding the diSe- 
rential coefficient of the product of two or more simple 
functions, may be thus enunciated, u and v being both func- 
tions of a, 

. d^ dsT^ dxdx^^^ 1.2 ds^ doT-^^ 



CHAPTER IV. 



Taylor's theorem. 



This theorem may be thus enunciated. 

K u-=.f{x)y and x take the increment A, 

^, . ,. du - d^u h^ dhi h^ d^u 

/(ar+A)=i* + — A + -J3 — 5 + -7-0 T-o-Q-^ 



dx ' da^ 1.2^ dar^ l-^-Z^'^'d^ 1.2...n 

+ &C. 
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This theorem, written according to the notation of 
Lagrange, is 

lb using it, if we take n terms of the series, the error we 
shall commit by leaving out the terms beyond the rfi^, will lie 

between the greatest and least values off^\w'{-Qh) * 

^hich values will depend upon giving to Q various values 
laetween (0) its least value, and (1) its greatest. 

Maclaurin's Theorem is easily deducible from this. 

Ex. (1.) Expand cos (^-f A) in a series of powers of A. 

Lettt=cosir, then -i-=— sma?, -3-^=— cosar, -^-o=smiP, &c. 

da (tar dor 

du 
Whence, substituting these values of «, -r-> <fec. in Taylor's 

dx 

theorem, we have 

co8(a?+A)=cosa?— sinar.A— cosdf'T— 54-sin^-----+ &c. 

1 •J 1 • J*o 

Cor. By maldng a?=0, we have 

^«^=1- 1:2 + 2:3:4 -^- 
(2.) Expand sin -^(iT 4- A), according to ascending powers 
of A. 

''«=_L==(i-^)-* 



Let M=8iii~'a?, then — 

da V 1— ar* 



d^u 



= _ l(l_a;2j-|(_2ar)=ar(l-ar2)-*= - 



g=x.{- |(l-;r^-»(-2^)|+(l-:r2)-* 



={l-a^)-^{3a?+(l-iifi)} = 



(l-<r')f' 
c 2 
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Whence, by substitution in the theorem, 

sin"'(ir+A)=sin~^a?H Y + 



+ — ^-^ T+ ^^' 

2.3(1-0^)4 

(3.) Expand log (a: + A) by Taylor's theorem. 

Whence, by substitution, 

(4.) Ifw=:/(a?), show that 
•^\TT^/""'*""5^'rT^'*"5^*2(l+ar)2 

"■^'2.3(1 +a;)»''" '^ 

n=Ax), /(^+^)=/(Tf^)- 

Substituting these values in Taylor's theorem, we have 

/ a? \ du cfi d^u a^ 

•^lj+A/"~^""5i'T4ri"^"^*2(l+;r)2 

(5.) !£/(«) =tau~V, and we put -z — -2=siny, 
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or taii-^^=~— y, then, tan-'(^4- A)=taii"V+ siny any j 

— sm2y sin^y— -f sm3y sin^j^-^ <fec. 

N^ow, smce h may liave any value whatever, put A= — ^, 
y being an arc in the first quadrant ; then 
tan-X^+A*)=tan-^0=0, 

:.t43jr^a?=siny siny • Y+sin2y sin^y . — -|-sin3y sin^y— + &c. 






TT cosy 

But tan~^ir=rr — y, and ^=coty=— : — , 

2 siny 

T 1 1 . 

;. -=y -|- siny cosy 4- - sin 2y . cos^y -f - sin 3y cos^y + <fec. 

Similarly, putting A = — (^+~W : , we have 

ir_ siny 1 sin2y 1 sinSy 
? 2 ""cosy 2 cos^y 3 cos^y 






And, putting A= — v^l +a;^, 

^=|+siny4-^sin2y+~sin3y + &c. 

f Hence, by differentiation, 

■■ 

'\ 1 

i ^4-cosy-i-cos2y-|-cos3y-i-&c.=0. 

These formulae are deductions of Euler's. 

Taylor's theorem may be applied to find approximate roots 
of equations of the higher degrees. 

(6.) Show that Taylor's theorem comprehends the Bino- 
mial theorem. 

(7.) Expand sin (a: + A) by Taylor's theorem. 

. / ,x . h . h^ ^* . 

8in(a?+A)=smic-f-cosiP*T-~"^"^^o — cosar^r— 5 + &C. 
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(8.) Show, hj Taylor's theorem, thafc 

(9.) Show that tan(ir+A)=taiiir+sec2irY 

h Jfi 

+ 2 sec^ar tana?r— ^r + 2 sec2ip(l + 3 tan^o?) ., ^i q + ^ 

1 •J 1 • J* t5 

(10.) Ifw=cot"^d?, show that 

h Jfi 

cot~^(iPH-A)=tt— sintt smM-=- -fsin^w sin22« -^ — &c. 

(11.) K/(a?)=^i^, prove that 



CHAPTER Y. 



maclaubin's theobem. 



This theorem, which is used for the development of a 
function according to the ascending powers of the variable, 
may be thus enunciated, TJ^^ TJ-^^ U^, U^y <fec. representing 

du d u d u 
the values of «, — , -r-j, -^-j, <fec. when ip=0, 

Cor. g=i7,+2ir,^+3Cr..^+4tr,.^+^. 
This theorem was first given in Stirling's " linese Tertii 
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Ordinis Newtonianse." It is, however, generally attributed to 
Maclaurin, and is improperly styled " Maclanrin's Theorem." 

Ex. (1.) Expand (a+ar)**, n being any nimiber whatever, 
positive or negative^ integral or fractional, rational or 
irrational. 

Let u= (a 4- a?)", whence if ^r = 0, UQ=a^. 

\ -— =w(a4-^)*"S . . . . , i7i= 
ax 



na^~\ 



— =n(w — l)(a+a?)~-* . . , U^=n(n^l)a''-\ 

<fec. (fee. 

Substituting these values of TJ^^ U-^, &c. for u, — , &c. 

CLdC 

mMaclaurin's theorem, we have 

-\- <fec., which is the BvrumvM I%eorem, 
(2.) Develop a*. 

Let M= a', whence ifar=0, UQ^=aP-=-\. 

du ^ . jj . 

dx 

^=A^a* U, = A^. 

da^ ' * 

* il is here put for the hyp. log. of base a, that is, for the expres- 
sion (a-l)-l(a-l)«+i(a-l)'-&c. 

r, 



22 icaclaubin's theobem. 

Whenoe, by Embstitutaon in Maclaurin's theorem, 

which is the ExponerUial Theorem. 

1 1 

V ^=loga, ;.a'=l+a?loga+2(^loga)2+— (a?loga)8+&c. 

Whenir=l, a=l+loga+~(loga)2+— (loga)8+&c. 

an expression for any number a, in terms of its Napierian 
logarithm. 

If for a we write the Napierian base e, we have, since 
log«=l, 

^=l+^+J+^+&c. 

And, when a?= 1, 

«=l-f l + o+o-o+*^c-=2'71828 &c. 

(3.) Expand tan**^ir by the method of indeterminate coef- 
ficients, 

«=tan"^df, whence if ^=0, i7o=tan'"'0=0. 
-^=r 5=1— a:2_j.^_^^^c^^ byactnal division. 

But (Maclaurin's Theor. Cor.), 

Equating coefficients of like powers of a?, we have 
^r^j; 17^=0, 273=-2, Cr,=0, ^5=2.3.4, (fecj 
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-whence by sabstitutioii, «=^— o~q +o~q~7~^""^ 

a^ nfi 0^ ^ 
o a 7 

tan'f^ tan^w tan^u , 
V taiitt=iP, .*. u=^t&iiu 5 — I — ■= = — h &c, 

which is an expression for the arc, in terms of its tangent. 

By help of this and Machin's Fommlaj we may find an 
approxiinate expression for the length of the circumference 
of a circle. 

Let tana^^, Jl=4a, then J. =4 tan"^- j 



_ 4tang— 4tan»a _ 5 126 120 
I~6tan2a4-tan%"" 6 rTlQ 

25'^ 625 

120 ^ 
J>0Trtan(^-4& J^tan^^ 1-120 -239' 



.•.Jl-45«=tan-^ 



119 
1 



239' 



.'. 4:5^= A — tan"^ -^r^rx' or T=4tan~^ tan~^ * 

239 4 6 239 



""^(5 3(5)3"^ 5(5)« 7(7/ ■*"'^^7 
\239 3(239)8^5(239)5 /' 



* This is Machm's Formola. 
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a very convergent series, by which, taking seven terms in 
the first row, and three in the second, we obtain 

7r=3 -141592653589793, 
which is the approximate length of the semicircle, the radius 
being unity. By taking three terms in the first row, and 
one in the second, we obtain 7r=3-1416, an approximation 
sufficiently near for ordinary purposes. 

(4.) Expand sec^F, in ascending powers of a?. 

Put w=seciF, whence ifiF=0, seca7=l, Uq::=1. 

J. 

-7-=seca?tan^, . . . . . . tana7=0, £^,=0. 

ax 

-— 5.=secir(l -|-tan2ar)+tana7secartan^ 
dor 

=secip-f 2seca?tan2iF, ^2=1. 

d u 1 

---j=seca? tan^r 4- 2 secar. 2 tana:(l 4- tan^o?) + 2 tan^o: seciF tana: 

=5secirtanar-|-6seciFtan^d?, .... Z73=0. 

d^x 

-— •= 5 seco: (1 -f tan^o?) + 5 tana? seco? tana? 

4- 6 secor. 3 tan2a?(l -f tan^or) 4- 6 tan^ar secor tana? 

=5seca?4-28seca?tan2a?4-24seca?tan^a?, . . U^=.5. 

Whence, by substitution, 

ex? 5a^ 

(5.) Expand cos^o?. 

Put t«=cos^a?, whence if a?=0, cos^a?=l, . Uq=1. 

-— =3cos2ar(— sina:)=3sin^a?--3sina?, . . C^i=0. 
dx 

-7-^=9sin2a?cosa?— 3cosa?, ^j=--3. 
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dht 

-7^==9 silica? ( — sma?) 4- cosd?. 1 8 am J? cos^-|- 3 sindf 

=3aina?— 9sin®ip+18sma?cos2ir, . . . ^j=0. 
— — -== 3 cosa?~ 27 sin^a? cosj? 4- 1 8 sma? . 2 cosa? ( — smo?) 

-f 18cos2a?.cosa?, U^:=21. 

Sa^ 21a?* 3a^ 7a?* 

:.u=co^x=l~ -3-+23:4 -&a=l- -^+-^ -&c 

(6.) Develop (1 +«*)*• according to ascending powers of a?. 
Let«=(H-0". whence if ar=0, (1 +«**)"= (1 + 1)", 

?7o=2». 

~=»(l4-e*)*-\^, 27i=n2*-\ 

aa? 

--=n(l4-0*"^^+«'-»*(w-l)(l+0'*"'^i i^^^® ^=0> 

^=/i2'»-i + »(w-l)2»-^ i7a=n2'»-«(« + l). 

oar 

— =w(l+e*)""'^+«'-w(w-l)(l+^)""'.«' 

4-«(w-l)(l+e*)*-*.0*«.24-«^.w(»--l)(w-2)(l+e*)*-'.6'i 

make ar=0, 

r^=»2"-«(«4-l)+n(n-l)2"-«.2+w(n-l)(n-2).2*-» 

=»(n + l)2*-«4-«(n-l)2-Hw(n-.l)(w-2)2»-8 
=n2-'{(« + l)2 + (n-l)2»+(n-l)(n-2)} 

=n2"-»{2/i4-24.4w-4+»i*-.3w+2} 

=w2»»-''{n*+3n}, 278=n2 2"-8(n4-3). 

Whence, by substitution in the theorem, 

(!+«') -J |i+--+_-_-_+_«___^&c.} 
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(7.) Ptovetliatlog(l + a?)=:a?— y+o" — 7"+*^^- 

Let M=log(l+a?), whence if iP=0, 27o=log(l)=0. 

-r-=:j--— =1— a?+a^— a^^+ir*— &c. by actual division. 
But (Maclaurin's Theorem. Cor.) 

And,, equating coefficients of like powers of a?, 

/7— 1 77 — —1 —'—1 -^— — l ^« — 1 . 
^1-1, «^«- 1, 2~"'2.3" '2.3.4""^ 

.-. C\=l, C;=-l, Z73=2, Cr4=-2.3, i7,=2.3.4. 
Whence, by substitution in the theorem, 

•3/ tji/ oc* 

log (1 +^)=a?- 2" + J - J + &<^- 

Cor. Writing —a? for ^r we have 

cfi 0^ a/^ 
log(l-^)-~a?- y "^ 3" " T ""^^ 

. (8.) Show, by help of the last example, that 
Put =-=1— ;2r, then' 

0? — 1 

log (!+«)=«- L2+g«*-&c- (Ex. 7.) 

_ . « • •, • a^— jr+1 1 

But «= r — 1 = 



x—\ «— 1 «— 1 

111 



••^'«-.b=l)=*:=i -J<^ri55+3 (i:!!?-*^ 
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(9.) If a^ and b^ respectively represent the coefficients 
of iT^in the expansions of u=/(x), and log «; show that 

Assume «*=ao+^^+^a^ .... -i-a^a^, then 

^** ft . - , 

— =a^4-2ajir +w«h^ > 

CUV 

du 1 ai + 2aaa?+3a8a:* . . ■^na^af'-^ 

=-=■ r — = diff. coen. of log u. 

dx u ao-\-aia:'\-a^ar . . -i-a^ar 

"Nowlog w=Jo+^i^+^a^ .... +^n^** 

dx u ^ ^ ** 

Hence -^-^- — ^- z — =— — =^>i4-2^>air . . . -\-nh^af''\ 

«o+«i^+«a^ . . . 4-an^ 

And, multiplying by the denominator, and equating coef- 
ficients of like powers of a, we have 

(10.) Develop sin^ and cosor in ascending powers of x, 

««^=i-i^+T:^-*°- 

(11.) Prove Euler's formulae, 

sma?= — > cosa?= • 

2>/=T 2 

(12.) Prove De Moivre's formula, 

cosmd?4- V — 1 sinma?=(cos^+ \/— 1 sin^)*". 

4 6 
(13.) Prove that (tana?)4=:a?4+-:i;fi+-a^+&c. 

o 

(14.) IfM=sin""^^, show that 

sin^w S^sin^M 3^. S^sin^?/ , 
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(15.) Develop u:=cota by the method of indeterminate 
looefficients. 

a: 3 32.5 38.5.7 
(16.) Prove, by Madaurin's theorem, that 

(l+2a?+3^)-*=l-d?+2^-J^+|^-<fea 

(17.) Show that cos""^a?=Tr —a? — -^r-n — c^ ^ a ^ — <fec. 

z Z'O 2*o*4*o 

(18.) Show that san.(a-^hx-{-eaP)=sina-\-ba coaa 

2ccoaa—h^wa.a „ 6bcmna-\~b^coaa « , 
^2 2.3 

sfi aP a^ of* 

(19.) Prove that ;;3:^=y - jTg " TTFs " ^ 

(20.) K cosar+sina?'/ — 1=^"^^, and x take the parti- 

cular value -^t prove the two formulae of John Bernouilli, 

namely, 

7r= — \/— l.log(— 1), and 



ImpUcU Functions, 

Ex. (1.) Given tt^—S^^^-iP^O, to expand w in a series of as- 
cending powers of x. 
Whenir=0, w^— 3w=0, .-.^=0, \UqZ=iO, 

a<a? dx dx 3 w-*— 1 3 
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—9 — 
dhi I da 2 u -1 



da^ 3(t*2-l)2 3 (w2_l)2 3(m2_i) 
2 u 



y i73=0. 



"" 9 (m2-. 1)3 

da?'' 9 (m2_i)6 

"" 9' (^2-1)4 •3(1*2-1)- 27 (w2- 1)5' •• ^8-27" 

o (t42-l)nOM^- (5^2+1). 5(^2-1)4 2tt^ 

«?4tf^ 2 ^ ^ da ^ ^ ^ ^ da 

d^"" 27 (w2-l)io 

""81' (2*2-1)7 - 8r(w2-l)7' • • • • ^4~^- 
€?»M 40 22tt4+i9te2+l 7T_'^0 



c^"" 243 (w2-l)9 '""243 

Whence, by substitution in Maclaurin's theorem, 

a a^ a^ . 

'' = 3 + r4 + 35 + *'- 

(2.) 2tt^— 2W?— 2=0; expand t« in a series of ascending 
powers of a. 

^ = ^ + 2:3 -2^4 + &^- 

8 1 ir^ ^ 

(3.) ^2 =:6a?; show that %=2+^—-^r-5+———- + <fec. 

a^ SaF 
(4.) t<^d?--8M— 8a?=0 : show that u^=.—a— -rr — r^ — <fec. 
^ ^ ' ■ 2^ 2" 

(5.) 4M8a?-w--4=0; showthatw=— 4 -44^?— 3(4)7^^2— <fec. 

D 2 
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(6.) u^—a^u-^-aux—ofi^zO; show that 

afi a* a^ , 
a^ a-* a^ 

(7. ) sm w =ar sin (a 4- w), show that 
tt==r7r+sinaY + sm2a:p-5 + 2sina(3--4sin2a)r--jr-^4-&c. 



CHAPTER VI. 

EVALUATION OF INDETERMINATE FUNCTIONS. 

When the two terms of any fraction ~ contain a common 

factor, as a?— a, and the particular value a be given to a?, 
then, since x—a will be equal to 0, the fraction will assume 

the form -> and be indeterminate. 

Such a fraction is improperly termed a vanishing fraction; 
since its values may be finite, infinite, or nothing. 

When the common factor is obvious by inspection, it may 
of course be removed by division. 

The method of John Bemouilli is to differentiate the 
numerator and denominator, aepa/ratdy, until they do not 
vanish simultaneously by making ir=a, and thus to deter- 
mine the true value of the fr^u;tion in that case. 

If the fraction be of the form -~ {—> and m or » be a 

Q^x—aY 

fraction, this method of successive differentiation will not 

apply, since, however often we differentiate, we shall never 

eliannate the common factor. 
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In this case we may put adih for a?, expand both terms 
of the fraction in a series of ascending powers of A, and 
then put A =0. 

IThe process of evaluation of indeterminate functions 
enables us to find the sum of a series for a particular value 
of the Tariable. 

Ex. (1.) Find the real value of the fiuction 

aa^—^acx+ac^ , 

Here F-=zax^ — 2 acx + ac^, Q = hx^ — 2 hex -f h<?^ 

.*. — — =2aa?— 2ac=0 ifiF=c 
ax 

^=2lx-2lc=0 i£x=c 
ax 

— =2a 

fl) Let w= ^3-^^ 

Here F=x^'\-2a^'-x-^2, 

^=3a^2 =3 ifa:=l 

g* ^^* 

(3.) M= : — =1, when a?=0. 

^ 0?— sma? 

dF 

— -=e'-e«*°* cosiP=l-l=0 ifa?=0, 

^=l-cosar=l-l=0 ifa:=0, 
ax 
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da? 



=6*— e^'**(— fflnar)— cosa?«^* cosir=0 if a?=0, 



-7-^=smiF=0 ifiF=0, 

— -5-=^+^*co8a?+sma?^* cosa?— cos^d?^*. cosa? 

+ ^* 2cosarffliiir=l + l + 0-l + 0=l ifa?=0, 
^-3-=cosir=l ifar=0, /.t«=Y=l. 

(4.) w=(l— ir)tan-Tr-= =-» whenir=l. 

cot- 

Here /*= 1 — ar, ©=cot - a?, 

TT 

-7-=— 1. -T— = » make ;r=l, then 

da? cw? . „7r 

TT TT 

dQ_ 2 _ 2_ TT . — 1_2 

dd?"~ . o^~ 12 TT TT 

«^'2 "2 

(5.) tt=--^^ ^ J- Find w, when a?=a. 

Put x=^a—hy then 

{a2_(a,A)2}^+«-(a-A) 
''-{a3-(a-A)3}i+{a-(a-A)}* 

_ {2aA-A2}^+A 
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"*''"A*(3a2-3a/*+A2)i+A*""(3a2-3aA+A2)*+l' 

Now, putting A =0, we have «=— j — ^— • 

3*a+l 

, _ . tan^r— sin^ 1 _ 

(^•) ^= ^8 =2* whena?=a 

cLr __8ec2;c— cos^__ 1 1 — cos^a? 1 — cos^.i? 

smce the fe^tor — :r-=l when a?=0 : 

cosmic 

/f2p Scos^^.sin^p sin^ o i i r. 

"77^= =-s— ' V cos2a?=l, when a?=0 j 

d^P cos^ 1 , tana?— sin^ 1 , ^ 

rf^=^-=2' ^^""^ ^ =2' ^^^''''=^- 

(70 Knd the real value of —; — -r—z — when a?=l. 

^ ' A-4— 6^2^3-j._3 

Ans. 00 . 

•ox T/. a—(a^—x^^ , ^ 1 

(8,)Ifu=. ^^ — 5 — ^, when a? =0, tt=rr-. 

a;2 — aa^a 

(9.) w=— /= > when a? = a, u=da. 

w ax — a 

(10.) «= -^ 2 ' when .2?= a, w=0. 

(11.) w=— 7 — r~5 — ?; T7.* when a? =2, w=oo . 

^ ^ a;4— 4a;3+8a?— 16 

rift X cota?-f coseca?— 1 , TT - 

(12.) w= — 7 -J when a?=-' w=:l. 

cot a?— coseoiT + l 2 

a? sina?— ^ 
(13.) M= > when a?=-» %= — 1. 

C08;2r ^ 
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. (a?^a)i-f^^- a^ , 1 

^ '^ "" Z5 ^ ' whena=a, tt=--p=. 

1 ^ 

(15.) If in^j ir=l, show that l+a?+a?2+ , .;j;«-i=w. 

(^^•^ ^=TTTp^r3^* when^=l, t.=_. 

(17.) w= ^^-^ -^ wlien;i7=0, m=4. 

(18.) ^= iQg^i^^^ ' wliena?=0, ^=2. 

(!»•) «= 2^tj;^^' wlienx=0, u=-. 

(20.) w='— 1 » wheiia?=l, M=log/^-). 

(21.) w=---=^==^> when;i;=0, w=l. 

{^%^ u=- =1, whena=a, 

of* 
(23.) u=--> when;i:=oo, u=0, 

(24.) u= ^^gf -(^7^) , when 07=1, m=2. 

(25.) u=;»«"*=0, whena?=oo. 
Itt 

(26.) w= » when a?=0, ^=-5-* 

cot^ 

(27.) Ifye*— ^=0; show that when x approaches 00 the 
limiting values of e~* and y are identical, and that the limit- 
j'n^ value of^ is zero. 
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(28.) M= ,^\^ r' whenar=0, m=1. 

^ ' log (tan jr) 

(29.) «= ^ « « — ^= — r-?' when a:=a, 

/^30.) i«= s— tauTT-* when a?=a, «= • 

(31.) «= » when x=a, u^me^", 

(32.) t«= (^H-l)(>g-l) ^^ ^^o ^iien ;r=l. 

^ (;c-.l)2+sin3(ar2-l)* 

(33.) tt=« * , when d:=0, «=«*. 

ioL) «=-:; » when ;i;=0, ti=2. 

^ ' 1— cosa? 

1 1 

f35.) If the fraction -77—. 7-: assume the form 00 — cao 

f{x) f^{x) 

"when «=a ; show that this illusory form 00 — 00 , and also 
X 00 are each identical with the form -• 



CHAPTER VII. 

MAXIMA AND MINIMA. 
ONE VARIABLE. 



If a quantity increases to a certain extent, and then 
decreases to a certain extent, its values at these limits 
respectively are a maximum and a minimum. 

If it repeatedly increases and decreases alternately, it 
bas several maxima and minima. 
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K it increases continuallj or decreases contiouallj, it has 
no maxima or minima. 

Let u=f{x) ; then, to determine the values of a which 

render u a maximum or minimum, put -^-=0 or cao, and 

dx 

substitute the possible roots of the resulting equation in 

-r— ^' then, if -— =a negative quantity, the value of x which 

d'^u 
is substituted renders u a TnA-YimnTn j if -7-0=^ positive 

(JkXi 

quantity, the value of x which is substituted renders u a 

minimum. 

A maximum or minim\mi can exist only when the first 

differential coefficient which does not vanish is of an ewen 

order. 

•# 
K t« = a maximum or minimum, then au and — are 

a 

maxima or minima. Hence, before differentiating, we may 
reject any constant positive factor in the value of u. 

If t«^a maximum or minimum, then u^\&9, ma,ximum or 
minim\mi if w is positive ; but when w=a maximum m"** is a 
minimum, and when w = a minimum w** is a maximum. 
Hence, before differentiating, we may reject a constant 
exponent. 

If t«=a maximum or minimum, log u is a maximum or 
minimum. Hence, when the function consists of a product 
or quotient of powers or roots, we may use the logarithms. 

Ex. (1.) Find when a? -^h ix^-\-b afi •\-\ is either a maxi- 
mum or a minimum. 

Let w=;b*— 5ii?*+5aj^-|-l, then 

—=5ai^—20a^-{- I5x^, and putting this=0. 
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a!2(^-4^+3)=0, a?=0, ar2-4^ + 3=0, 
ii;2— 4ar=— 3, x=i3, x=l, 

— '=20x^—60x^-\-30x, and substituting successively 
dor 

the values of ;r, (0, 1, 3) in this expression, 

;=0, from which we can infer nothing, 

dor 

d^u 

— 5=20 — 60 + 30= — 10, which indicates a maximum, 

dar 

d^u 

— 5=540—540 + 90= -|- 90, which indicates a minimum. 

dor 

Hence, when af=l, m=2, a maximum, 

and, when .r=3, «=— 26, a minimum. 

(2.) If t*= V 4 a^ 05^— 2 a as*, ascertain those values of x 
which make u a maximum or minimum. 

Eejecting the radical and the common factor 2 a, put 

du 
u=^2aotP—3c^y -r-=4aa3— 3a52=(4a— 3a;)a;=0, 

• dx ^ ' 

/.4a— 3ifc=0, a;=0, ,\x^--> a;=0, 

o 

---s=4a— 6a;=4a— 8a= —4a, 
dx^ 

^^ AC i A 

—-— =4a— 6a;= -|-4a. 

Hence x=.-^ makes r.= ^ "^ 27"= V 9^3 

8a2 
=: — =:> a maximum, 
3v^ 

a?=0 .make^ tf=0, a ininispwisi. 

£ 
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(3.) Determine the maxima and minima values of the 
fimction u= „ * 1^ 

1 + or ,,;- 



Putting M=-' we shall have i?= > 

dv x2x-(l-^aP) aj2-l ^ ., ^ 

rx= ^— ^=-^=^' .•.a:= + l,.= -l, 

d^v a?,2x—{(c^-^l)2x 2a? 2 
flJa;2 a?* ai^ a^ 

-;-T= H-T' which indicates a minimuTn, 
aa?* 1 

dH 2 
dx^ 1 



j^_l 

1 + 1'"2' 



/. !«=:-_-.=-, a maximum, 



-1 1 . . . 

w=r — =-= — -T? a minimum. 
1-f 1 2 

(4.) Divide a number a into two such parts that the pro- 
duct of the m^^ power of the one and the rfi^ power of the 
other shall be the greatest possible. 

Let Xy and a— a; be the parts, then 

ii=:aJ"(a— a;)*. 

dtA 

—=af^n (a— a?)*~^— l)-f(a— a;)*«iaf*"^ 

=zaf*'^ (a—xY'^ {— a5n+(a— a5)w} 

=af*"* (a— a;)""^ {wia— (fn+n)a;}=0; 

_ ma 

.•.aj=0, x=a, «= • 

m-\-n 

Or thus, log ti=m log aj-fn log (a— a;), 

du\ m n ' du /am—mx—nx\ 



dxu X a—x 



au _ /am — mx — nasx 
dx"^ \ {a^x)x ) 



9 
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</« ^ ^ (a— a;)» 

.•.a;=0, a;=a, a5= 



Now the values and a may be rejected, aince there can 
be no division of the line if a;=0 or a. 

Hence, differentiating again, and substituting in 

the second differential coefficient, we have 

—-5 = — (fn-\-n), which indicates a maximum, 
dsir ^ 

.•.a:=-2=L and a-x^J^ are the parts. 
fn + « m-|-» 

(5.) If «=sin^coBa;, show that u is a maximum when 

-7-=— ain'os sma;+cosa;3 sm^a; cosa 
dx 

= 3 sin^o; cos^o; — sin%= 0, 

.". 3 ain'aj cos^= ain^ 3 cos2a;= sin^a; = 1 — cos'a;, 

.•. 4co3*aj=l, co8a;=-> .•.a;=60**, 

— — 5^ 3 sin^oj. 2 cos 05 ( — sin «) + 3 cos^ . 2 sin a? cos a; 

— ^sin^a? cosa5= — 6sin^ cosa;-f 6sina; cos^a; 

— 4siQ*a5 cosa;= — lOsin^aj cosa;4- 6 sin a; cos^a;. 

„ . /3 . . 3 3^/3 
Now sm aj= -^' . . sm^a; = — 3—* 
Z o 

d^u 30v^ 1 6v/3 1 24 /^ 

-H — - — -=— —V 3, a negative result, 






d7? 8 2 • 2 8 16 

. 3^3 1 3 /^ 

/. u=. . • -= 7^ V 3, a maximum. 



r._^ 



■P*- 



<<^- 



u*\ 



f-- 



VA 









:-lf 



r/' 









A' 



% 
t 



^i*" 



^V^ 



^-^i 



v(4V2 
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(6.) Divide a number n into, two such factors that the 
sum of their squares shall be the smallest possible. 

Let X be one factor, - the other : then 

X 

„ n^ du _ 2n2 ^ 

:,x=.—^i xf^^^n\ a;= V w, 
or 

— -=2 + ---p=2-| — ^=2 -1-6 =4-0, a positive result, 

.*. t« is a minimum. Hence the sum of the squares will be 
the smallest possible when the Actors are equal, each being 
the square root of the given number. 

(7.) Into how many equal parts must a number n be 
divided that their continued product may be a maximum ? 
Let there be x equal parts, then . 

- is the magnitude of each, and 

—j is their continued product, 
log u=^x log (- ) =a; (log«— loga;), • 

-— -=a;» f J -|- log w— log 03= ^ 1 H-logn— logo;, 

jj ■ ' ' 

— ==M{-l+logn— loga;}=0, 

.\logaj=log?i — 1 =logw— loge=log(--], .•.a;=-' 
d^u / ' 1\ / 1 , , ydu 



:.u=i-\ =«", a maximum. 



MAXIMA AKD MINIMA. 41 

(8.^ Show that = — ; is a Tnaximiiin when a? =45°. 

^ ' 1 + tana; 

du (l-|-tanaj)co8a5— 8ina;(l-|-tan2a;) 
dx^ (l-|-tana;)2 

cosaj+sina;— sinrc— fidnaj tan^a; 
"^ (l + tana;)2 

cos a; — sin x tan^o; 



(l-l-tanaj)* 



=0, 



;.siiijFtan*d:=cosa?, •taii*a?=l, tan'a?=l, .".a?=45°. 

cosa? 

-7-^= — J v2, a negative result, 

sin J? 1 /'^ 

.". tt=- ; =-- v2, a maximum. 

1 + tana: 4 ' 

(9.) If a be the hypothenuse of a right-angled triangle, 
find the length of the other sides when the area is a maxi- 
mum. 

Let 07 be one of the other sides, then 
va^— ^ is the remaining side. 

And area =^o?va2 — a^. 
Now, rejecting the constant ^» we may take 

^=2a2ar-4a^=2^(a2-.2ar2)=0, .•.ar=0, or= ^ 



-— =2a^— 12d72=2a*— 6a^=— 4a^, a negative result, 

.*.ti is a maximum, and the area is a maximum when the 

a 



two sides are each = 



£ 2 
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(10.) What fraction exceeds its w^^ power by the greatest 

number possible ? 

du 
Let a? be the fiuction, then u=^x^af*, -7-=! — wiF""^=0, 

ax 

' n-i/ 

V W 

»o 1 

—5= — n(w — l)a?*"2= — n(n— 1) • ^_g » which is negative, 

.*. tt is a maximum^ . 1 

Ans. 



n-l/— 

V n 

(11.) Within an angle BAC a point P is given, through 
which it is required to draw a straight line so that the 
triangle cut off by it shall be the smallest 
possible. 

Let PN ^a, A N = h, A D = x, then 
ND = x-h, ND'.PN::AD:AEor 

ax 



x—h : a :: X : AH, :. AJS= 



x — h 




Now area /ii^DAE^'-AD*AE^\nA=.j^-—^—r^mA^ 

J J X — o 

__ a^ du__(x—b)2x—a^^x^—2bx^x{x—2b)_^ 
''^"T^b ^" (x-by "'(7-^""^-=^" ' 

.-.07=26, 

dhi _ (x-by.{2x'-2b)-'{a^-2bx),2{x-b) 
dx^" (x-by 

2{x-bY-2(a^^2bx) _ 2b^ _26^_ 2 
- (<p_^,)3 -(a7-i»)3"" ^ " "^ 6' 

a positive result, .*. the area is a minimum. 

Since ^2? = 2^ iT, :,DE = 2DP, ;. the line must be 
J80 drawn as to he bisected by the given point P. 
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(12.) From two points A, B, to draw two straight lines to 
! a point P in a given line ON, so that AP-\-BP shall be a 

% niinimiiTn . 

Let be the origin of co-ordinates, and the given line the 
axis of X. 

Let OP^=^ic, and let the co-ordinates of A be a, h, and 
those of -6 be a,, 6,. Then 5 

AP= '/TM'i^PM^^ ^h^j^i^x-^ay, 

£Pz= s/Bm^- PN^=i ^h?+{a,--xf, 

:.u=AP-\-BP= v/6H(^-a)H V'624.(a.-ar)2,aminimum, 
du x—a a, — x 




x—a a,— a? 



=0, 



> or 



AP BP 



L APM^BPN. 



(13.) If the length of an arc of a circle be 2 a, find the 
angle it must subtend at the centre so that the correspond- 
ing segment may be a maximum or minimum. 
Draw CD bisecting the arc, and let x be the 

radius, then -= Z A CD, 

X 

Now area segment ^Z>-ff= sector ACB— A ACB 

=- rad X arc— -a^ sol ACB 

1 . „ . ACB ACB 
=ax— ^ x\ 2 sm cos • 

:, M=aa;— drsm-cos-j 

X X 
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du 

da 



=a— drsm~( —sin-) ( 5)—^^ cos-cos- ( — -5) 



— 2 a? sin -cos - 

X X 



=a— asin^ — h«cos^ a;2sm-cos- 

X X XX 

=a— a-f 2aco8^ a?2sm-cos- 

X XX 

=2 cos- (a cos a? sin-) =0. 

X\ X XI 

Take cos-=0, /.-=-> a;= — * and the segment is a -0 
X X' I ^ 'K 2 

= maximTim. 

. a 
sin — 

m T_ ^ . <* X , a a 

lake a cos - = a? sm -» /. ^ tan -=-> 

XX a X X 

cos- 

/. - = 0, ;. a? = 00 and w = TniTTiTniim. 

a? 

(14.) Within a given circle to inscribe the greatest isos- 
celes triangle. 
Let radius OJ[=a, A£-AC-x, BG=2y, ^ 

BD^y. Then A=— ^^^— =-, 

., ^ BG^AB BG^AB^^Bm /-^ — -„ 
Also A = — - — == =y\/^— y2, 

.'. -^=^y >/x^—y^, 0^=2 a vx^^y^, 

iP*=4a2a;2_4^2y2^ ^a^y^^=^\ia^x^—a^, 2ay=irv4a^---^, 

^ 2a 
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Uow A = -— iF2y=---ir2. <j,-/4^2_/p2 a maximum. 
2a 2a 2a 

Put M=ir«(4a2-a^^)=4aV-a:8, 

^=24aV-8a7=0, /. 8a;7=24«V, 
oar 

0^=. 3 a^ /. ^=:a v/3, 
^ C= 2 y = - a v3 V 4^2 -- 3^2 = a \/3, and A is equilateral. 

^15.) Of all equiangular and isoperimetrical parallelo- 
grams, show that the equilateral has the greatest area. 

The perimeters of the figures being all equal, the perimeter 
of each may be considered as one line, and the proposition 
then resolves itself into the following. " To divide a given 
straight line into two such parts that the rectangle contained 
hj those parts shall be the greatest possible.'' 

Let a be the line, a: one part, then a— a? is the other, 
«(«— a?) is the rectangle, and u^zax—a^, a maximum. 

du on . ^ 

ax 2, 

:, the line must be divided into two equal parts, and the 
parallelogram will be equilateral. 

(16.) Of all triangles on the same base and having equal 
vertical angles the isosceles has the greatest perimeter. 

Let a be the base, a the vertical angle, x and y the two 
sideSy then u =a-}-^-}-^=a maximum. 

dtx ax ax 

2coBa'X'j^-\-2ycosa,=z2x+2y-j-; —xcosa,-\-ycosa=x—y, 
ax ax 

.'. — (a?— 5^) cosa=a?— y, .*. ^p— ^^=0, 

/. x=y, and the A ia iaoacelea. 
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(17.) The segment of a circle being given, it is required 
to inscribe the greatest possible rectangle in it. 

Let BA D be the segment, radius = a, p ^ * ^' 
A if =ir, draw A through the centre per- j 
pendicular to PM or BD. Let AG-=^h, 

Then PJf2=(2a-a?)a?, / Euc. B. iii. p. 35. ^ / 

Area rectangle =ifC7.2Pif=2(6— ir)v/2a^^?. 
Put t«=(6-a?)2.(2<M?-a^2), 

,l-=(i-a?)2(2a-2ar)-h(2a^-a;2).2(6-a?)(~l)=0 

.*. (6 —x) (a — 0?) = 2 ao? — o:^, ah—ax—hx-\'3fi=-2ax^a^y 

ah 



2a^-(3a-h5)a:=-a5, 



or — X- 



• • •v^"— ■ 



3a-h6dtV'9a2-2a6-h^ 



(18.) To cut the greatest parabola from a given right 
cone. 

Let BD=za, AD=zb, BC=Xy CD=a-x, ^ 

Then •/ BNDM is a circle, and MC=-NG, ovT \x V > 

;. MC^=BO' CD, MG^ v^a?(a-a?), 




Also ^i) : AD :: ^C : FG, :,FG- 



AD'BG hx 



BD 



a 



Area parabola=-P(7' JfiV=- — -2 v aw?— a;^, a maximum. 

6 da 



^=3a^-4^=0, 



Put uz=zcfi{ax^a?)=-aa?—iii^, 



x=.-ra. 
4 



-7-3= — 7- a^ which indicates a maximum. 
oar 4 
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(19.) Within a given parabola to inscribe the greatest 
parabola^ the vertex of the latter being at the bisection of 
the base of the former. < 

Let £A C be the given parabola^ Z its latus rectum. XT 

AD=:a, BDz=zh, DN=:x, PN^y. 

2 2 

Area parabola =- • 2 PN* ND:='^* 2yx b 

Now •.• the square of any ordinate to the axis = the rect- 
angle under the latus rectum and abscissa, 

tp a—x b J 

.•.75= > y=--=\/a— d?, 

:. area parabola = -=.x^ a—x* 

3 V^ 

Put tl=iF^ (a— 0?) = (MT^— Q?y 

ax o 

(20.) Inscribe the greatest cylinder within a given right 

eone. 
Let ^-5(7 be the cone, AD— a, BD=^h, DN=iXy Pi^=y, 

Jiir=a— dr. 

Volume of cylinder = j. {^PNf. ND=iry^x. 

AD : BD :: AN : PN, :.PN^~AN, or ^—^—^ 

h h^ 

y =- («— a?), /. cylinder =7r • -jj {a^xfx. 

Put u=(a— d?)^dr=a2d?— 2aa;2-hd;', 

--=:a^— 4ad?-f 3ir^=0, .•.3a;2_4^,^==_^2^ j.==^ or 
ad7 ^ 

y=7r-3) = 3*' cylmder=^.— .3=-^ 




48 



MAXIMA ANT MINIMA. 



Volume '=.a=^BC^ --T' ABr=--j xy^y 

4 4 



4a 



• • X "^ ' 



try 



2 



Hence w=^ — 2^+9^^=— + 9 r» 



</m 4 a - 



64a3_ 



64aS 



16a2 ,r 






.-. ir=y, 



(21.) If the volume of a cylinder be a, find its form when 
its surface is the least possible. 

Let^^ = a?, BC^y. ^^^ 

Surface = convex sur£Eice + 2 area of base 



=^BG"K'AB^2BC'^.j:=nrxy-{-'^y\ 




or altitude = diameter of base. 

cflu Bay 8a « ... -^ 

-T-r,= — J- +7r=— 5+x=+37r, a positive result, 
dy^ y'^ y^ 

.'. the surface is a minimum. , 

(22.) The latitude of a place and two circles parallel to 
the horizon being given ; to determine the declination of ^a 
heavenly body, whose apparent time of passage from one 
circle to the other shall be a minimimi. 

Let F be the pole, Z the zenith, B^ S^ the positions of the 
heavenly body on the parallel circles, the polar distances 
PB, PS, being equal, 

Z ZPS=P, ZPS,=P,y polar distance PS or PS,=a:, 
Bxc ZS=a, ZS^=a^, latitude =Z, declination =^; then 

•.* the passage along the arc SS^ is the shortest possible, 

.'. the angle SPSt== a I^inimum, 
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*' dx dx ' " dof da 

^ dP cots dP, cots, 

But -T— = : 9 —7-= : ' 

da sma da smo? 

cotS cotS, , ^ ^ 

sina? sma 

„ sin /— cosa cosa? ^ sin Z— cos o, cob a? 

Agam C0SO= : : * C0SO,=: : r-^ > 

^ sinasina? sma,sma7 

sin/— cosa coso? sinZ— cosa, coso? 

/. : = : ' 

Sin a sma, 

cos -(a, -fa) 

cos^= -sinZ. 

cos ^ (a,— a) 

And V the declination is the complement of the polar 

cos -(a, -fa) 

distance, .'. sin S= = • sinZ. 

cos — (a,— a) 

Cor. If a=5-» and a,=— +2^, this expression becomes 

&ind=— tan^sin/; and if the heavenly body be the sun^ 
and 2(^=18^ nearly = his depression below the horizon 
when twilight begins in the morning or ends in the evening, 
we are enabled to determine the time of shortest twilight by 
means of the analogy rad : sin lat :: tan 9° : — sin^, where 
the negative sign indicates that, if the latitude be north, the 
declination will be south, and t^ice 'oefrm, 

(23.) The centres of two spheres (radii rj, r,) are at the ex- 
tremities of a straight line 2a, on which, a civida i& dfi»mk(<^ 

F 
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Find a point in the circumference from which the greatest 
portion of spherical surfece is visible. 

Let a: and y be the distances of .^--^=i 

the point jfrom the <;entres of the ^^- 
two spheres; draw tangents HA, 
UJ8, JED, JEF; join A£, BF. 

Then, of the sphere (7 the portion 
visible is the convex surface of the 
segment A HB S, whose area = height ffS x circumference 
of the sphere. 

Now a? : ri :: Ti : CS, :,CS=—> .'.height of segment 




a 



=ri -=^£[S, drcumference of sphere=27rri, 

ri ^)= visible portion of sphere C\ and similarly 

(IT \ 
r, ^j=visible portion of sphere c. 

if 

Hence 29r]rif ri ^j -\-rAr^ ^J [•=whole visible surface. 

Put u=r^^ ^ + ra2- !i-, then 

a? y 

du^r^ ^dx^ ,r^_ r} dy 

dx Q^ y^ ' ' ar^ y^ dx 

But y= v/4^5=^, .-. ^= - ^ > 



4a^rj^—rg^a^=^r^x^, a^= —* x=- 



r^ •\- r^ ^r^ + r} 
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(24.) Of all ellipses that can be inscribed in a rhombus 
whose diagonals are 2 m and 2n, show that the greatest is 



m 



that whose major and minor semi-axes are —p= and 



n 



s/2 



-v/I 



respectively. 

^^C7i> the rhombus, OC=:m, 0£=:n, 
a and h the semi-axes of the ellipse. 

Let Oir=;r, iVrP=y. Then by the 
properties of the ellipse 




^"^ 



or m*x^=za^f 






^ 



a 



2 



|2 ' 52 ^2 



V2 52 

where a and h alone 



»" 



most be considered as variables. 

But, area ellipse =7ra6== a maximum. 

Eejecting the constant tt, and differentiating this and 
equation (1), we have 



dh 
"w2 n^ a ' 



a 



h dh 



m 



m^ 



^ n^ da 



l^ 



n 



2' 



2^_2b^ 

,2"" «2""^' 



m^ 






v^ 



b 
n 



v^ 



9n 



-/I 



5= 



n 



, (25.) K M=a?*— 8^-|-22ar^—24a?-|- 12, find the values of a 

which render u a ma.ximum or a minimum. 

Ans. When ir=3, w is a minimum, 

^=2, te is a maximum, 

^= 1, t« is a minimum. 

(26.) Find when ofi-'6a^+9a:+lO is a maximum, and 

when it is a minimum. xm.^^ q • 

When ^=0, t« IS a minimum, 
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(27.) Find the maxiina and minima valaes of the function . 

Wnen ir=7r-* t* is a mimmuTn. 
oa 

d?= — TT-' t« IS a nriftTrmniiTw 

oa 

(28.) tt=7 T7,\ ascertain when % is a maximum and 

(a — xf 

when a minimum. __, a . . 

When 0?= —a, t«= — k » a minimum, 

d?=: -f a, t«=:QO , a maximiun. 

1 
(29.) uzs.gf^ find when t« is a maximum. 

a?=«=2 -71828 ifec. 

*v^ (30.) t*=7 ~5* determine when m is a Tna.YinrmTn and 

when a minimum. x-=- —% ii=oo , a maximum, 

a?=0, tt=:6f, a minimum. 

(31.) t*=j?+ w(i^^^hx-\'Q^\ when is m a maximum) 

When a?=2w » ^=I7T+^> * maximum. 
20 lb 

(32.) ti= — — s show that w is a minimum 



when a?= A/ • 



(33.) ?«=secj?+cosecj?; show that uiaa TniTiiTniim when 

(34.) In a given triangle to inscribe the greatest paral- 
lelogram. 

Ans. Side of parallelogram = ^ side of triangle. 

(35.) A column a feet high has a statue on the top of it, 
^£e height £rom the ground to the top of the statue is h feet ; 
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find a point in the horizontal plane at which the statue sub- 
tends the greatest angle. . /-r^ . « ,, , 

° ^ Ana, vab feet m>m the base. 

(36.) Show that the difference between the sine and 
Tersed sine is a maximum when the arc is 45^ 

(37.) Let A C and JBD be parallel, and join ^ 
AD; it is required to draw from a straight 
line so that the triangles EOD, AOC together 
shall be a minimum. 

Let AC=^a, AD=b, AO^=^x'y then 0?= vF. 

(38.) The base and vertical angle of a triangle being given, 
show that when it is isosceles its area is a- maximum. 

(39.) A &rmer has a field of triangular form, which he 
wishes to divide into two equal parts by a fence ; find the 
p<nnts in the sides of the field from which he must draw the 
line, for his fence to be the least possible expense to him, 

Ans, If a, hfChe the sides, the distance of each point 

from the angle C is a/ — > and the length 



of the fence is y^(£zf + ^K<^+«-^), 



(40.) If the greatest rectangle be inscribed in an ellipse, 
the greatest ellipse in that rectangle, again the greatest rect- 
angle in that ellipse, and so on continually ; show that the 
sum of all the inscribed rectangles is equal to the area of any 
parallelogram circumscribing the given ellipse. 

(41.) Prove that the greatest area that can be contained 
by four straight lines is that of a quadrilateral inscribed in a 
circle. 

(42.) Inscribe the greatest ellipse in a given isosceles 

*™°«^^- Am. Major axis =| altitude of triangle. 

F 2 
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(43.) A tree, in the form of a frustrum of a cone, is 
n feet long, and its greater and less diameters are a and h 
feet respectively j show that the greatest square beam that 

can be cut oat of it is jr; tx feet long. 

oya—b) 

(44.) Describe the least isosceles triangle about a given 
circle. The triangle is equilateral 

(45.) To inscribe the greatest right cone in a given sphere, 
whose radius is r. 

Distance of base of cone from centre of sphere =77 • 

/' »' 3 

V (46.) If the polar diameter of the earth be to the equato- 
rial diameter as 229 : 230 ; show that the greatest angle 
made by a body filling to the earth, with a perpendicular to 
the surfece, is 14' 58", and that the latitude is 45*»7'29". 
See %. ex. 9. page 84. 

(47.) In a parabolic curve, whose vertex is A, and focus 
S, find a point P, such that the ratio A P : SP shall be a 
maximum. j^p . SP :: 2 : ^/S. 

(48.) Inscribe the greatest parabola in a given isosceles 

Altitude of parabola =2 altitude of triangle. 

(49.) If in a circle, whose radius is r, a right-angled tri- 
angle be inscribed ; show that, when a maximum circle is 
inscribed in the triangle, the area of the triangle is r^. 

(50.) Inscribe the greatest cylinder in a given prolate 
spheroid. 

(51.) Required the maximum and TninimnTn yalues of u 
in the equation u^—a^a+a^=^0. 



^cotjr 



^52.) tt=-^ ; find the maximum and minimum values 
cos*»a? 



€^g^ 



I, 
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(53.) Show that the greatest paraboloid that can be in- 
scribed in a given right cone is ^ of the height of that cone. 
(54.) tt=ir^"****j show that when « is a maximiiTn, 

log* =2' 

(55.) "Find that sphere which, being put into a conical 
vessel of given dimensions, will displace the greatest possible 
quantitj of fluid. 

{56.) Two circles of given radii intersect each other ; find 
the longest straight line which can be drawn through either 
point of intersection, and terminated by the circumferences. 

(57.) K a tangent to a great circle of a sphere measure 5^, 
and a perpendicular to a tangent meeting the great circle 
measure 4 feet ; show that the volume of the sphere is to 
the volume of its greatest inscribed semispheroid as 27 : 16. 

(58.) Find what values of a make (a?— 2) (a?-f 3) (5— a?) a 
imiYTTnnTn or TnininrmTn ^ and distinguish the one from the 
other. 

(59.) Inscribe the greatest cone in a given hemisphere 
ABCy the vertex of the cone being at A, 

For other examples and solutions see chap. xL 



IMPLICIT FUNCTIONS OF TWO VABIABLEa 

If u=^f{xy y), u being an implicit function of the two 

du 
variables x and y, by putting — = 0, we shall find the 

values of a? which render y a maximum or minimum. 

By substituting the particular value of a? in (-r-^-^ ~t"\' 
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if the result be positive, y will be a maximum ; if negative, 
a minimum. 

Ex. (1.) Let t«=a^— 3a'ir+^=0; determine the maxi- 
mum and minimum values of y. 

Differentiate with respect to x, considering y constant. 
du 
aw 

^= 6 0?. Differentiate the given function with 

dixr 

respect to y, considering x constant, 

du 

— -=3v2. Substitute the values of a? in u. 

d^ 

a8-3a8-fy»=:0, :.^^icfiy y^aVl, - 

-a8+3a8+y»=0, .•./=^2a8, yz:^—aV2. 

d^u dy 6d? 6a . ^2 _ 

/. r-^= — = j=H » a positive re- 

dx^ dx Zf 3a2.2* a 

suit, •% y =a V2 is a maximum. 

dH dy 6x -ea V2 

u-i= = -= f a negative re- 

da^ ' dx 3^2 3^2. 2f a 

suit, :.yz=z--a V2 is a minimum. 

(2.) u=^x^—3axy+y^=:0; show that when a?=0, y=0, 
a TniniTnnnfi • and when x=^av2, y=zaVi, a maximum. 

(3.) 4a?y — y*— a?*=2 ; show that when d?= -f 1 or •— 1, 
y= -f 1 or —1, neither being a maximum or minimum. 

(4.) y^— 3 = — 2 a? (a?y + 2) ; show that when a?= 1, y = — 1, 

neither a maximum nor a minimum j but when x=^ — -^ > 
y=2, a maximum. 
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CHAPTEK VIII. 

FUNCTIONS OF TWO OR MORE VARIABLES. 

If u=^f{Xf y), X and y being two variables independent 
of each other, then 

d^u d^u d^u d^u d^u d'^u 



'J 



dydx dxdy dy^dx dxdy^ dyda^ da^dy 

„ d^'^u d^^u 
and generally -r — 7-=-; — r— • 
*=• ^ dy^daf" dafdy"" 

In a function of any number of variables, the order of 
differentiation is indifferent. 

The total differential of two variables is equal to the sum 
of the partial differentials ; or if t*=/(ir, y), 

idu\ , /du\ 



<*«= {£j '^^+ (£) dy 



dyi 

d^u d^it 

daf^ daf^'^dy 

Ex. (1.) Let u=isfiy^ ; fiild du, and 



dxdy 
tdii^ 



To find the partial differential coefficient (-lAi consider 
y constant, and differentiate with respect to x ; and to find 
(— j, consider x constant, and differentiate with respect 
to y. 
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To find - — 7- or -; — —9 differentiate {-7-) considering x 
dydx dxdy \dxi 

constant, or differentiate (-7-] considering y constant. 

if 

u^=:ofiy^, 

<fw= f-7-j dx-\- (— j dy^r^Zsfiy^dx+^yafidy 

'=-o?y{^yd(c-\-^xdy\ 

=3 X 2ya^^Qa>^y^ 



dydx dxdy 

/du\^{a^—y^*2x^{iifi-\-y^)'2x^ ^xy^ 
\dil ^ (ar2-y)2 - "" (^«y2)2' 

<i2^ _ (a^^~j^)2.8a?y--4a?y2.2 (a^-y^ (--2,v) 
_ 8ay(a^--3/2)+16^ _ 8a^y + 8a?y^ 

" {x^—y^ dxdy 

X d iL 

(3.) M=sin"* — : ^d du, and-; — ;-> 

1 . du I 

smu^—x, cost* -7-=-* 

(^M\ 1 1 1 

(/or/ ycosM^y^/TZ^A"" . /I ^ 
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Again taxLU^—i consider oc constant. 

du X 

C08M«-;-= 5> 

dy y2 
idu\ XX X 



ldu\ X ^ 

1 _ X . ydx—xdy 

=—7 'dx . dy=> — j~^ —-' 

vy2 — /p2 yyy^ — x^ y *^ y^ — (i^ 
y 



d^u VtP—x^ —y d^u 

^y^-a? y^—oP' {t/^—aP)i dxdy 

dPy . 



(4.) M = g g > find du^ and show that 



rf2|^ 2a? d'^u d^u 4:xyz d^u 

dxdy a^^z^ dydx dxdz {a^—z^y dzdx 

d^u 2aPz d^u . 

dydz (a^^z^Y dzdx 

d^u 4:xz _^ d^u d^u 

dxdydz {a^—z^Y dzdydx dydxdz 

First differentiate considering y, z constant ; then consi- 
dering x^ z constant ; and lastly considering x^ y constant. 

du 2xy du a? du 2a?yz 

dx a^^z^ dy a/^—z^ dz {a^^z^y 



a^—z^ s d^T-z^ i^o?— »^ 
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Now -7-= „ ' , » Consider a, z constant, and differentiate. 
da: a^—z^ 

dxdy a^^z^ 
Consider z constant, and differentiate. 



du a^ 



dy a^—-z 

d^u 2a: _. d^u 2a? d^u 

Hence ^—=-=-3 3= 



dyda: a^—-z^ dxdy a^—z^ dydx 

Affain -=- = —. 3 • Consider a?, y constant, and differentiate. 

^ dx a^—-z^ 

d^u _^^2ay'{^2z)^ ^an/z 
d^z" (a2-;yy ^(a^^zY 

du 2o?yz ,>! . 1 1 !•«• • 

—-=7-3 — ^-rrs • Consider v, ;? constant, and differentiate* 
dz {a^—z^^ 

d^u _ ^xyz Tx c^^M 4:a:yz _ ^/^t* 

dzdar~((J?^z^ dxdz~ {c^^z^^ dzdx 

du (c^ 

dy a^^z 

d^u _ -'a^'{^2z) _ 2a? z ^ 

dydz" {a^^z^y ""(a^— ;2r2)2 

T-= / o ovo • Consider a?, jzr constant, and differentiate. 
dz (a^— ;2?Z)Z 

c?2j4 2ir2;2r __ d^u 2aPz d^u 

Hence -r; — =-= 



Again ;;j:7=-2 2' Clonsider a constant, and differentiate* 



dzdy (a^^z^y dydz {a^—z^^ dzdy 

Now y , =-3 3 • Consider a?, v constant, and differentiate. 

mdy a^—z^ 

d^u _^— 2d?(— 2;2r)_ iiXz 
dxdydz" {a^-z^^ "{a^-zY 

-r — -- = --T — ^ • Consider v, z constant, and differentiate. 
dzdy {a^—z^f ^' ' 

d^u AiXz 



dzdydx (a^— ^r^) 
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- - := -= s • Consider x constant, and differentiate. 

ay da a^ — z^ 

dxdydz" {a^-z^ "(a^^z^f 
d^u 4:xz d^u d^u 



Hence 



dxdydz {a^^z^Y dzdtfdx dydxdz 

(6.) u=a^y^ ; find du, and show that 

d^u ^ „ d^u 
•=8xf= 



dydx dxdy 

(7.) u=i-j> du='-2{^ydx^Zxdy), 

(8.) u=a9 -y du^xy \^-dX'\-logx dy\ and 

dydx \x X I dxdy 

,^. , X . d^u 2 , X X X d^u 
^ ^ y dydx^ y^ y y^ y dx^dy 

(10.) u =y sina? + X emy ; show that 

d^u d^u 



_ - •=cosiFH-cosy= , _ - 
dydx ^ dxdy 

(11.) w=sin(a?2y)j show that 

^=2^ {cos (^j.) -.;2^ sin (^y) } =^. 

(12.) ^= , ^ ; show that 

d^u 2x d^u d^u 



dz^dy {^x-\-z^ dydz^ dzdydz 

d^u __2y(;2r— 4a?)__ d^u _^ d^u 
dxdz^~~ {^x-\-zY '^ dz^dx'^dzdxdz 

Q 
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EULEBS THEOKEH. 



(13.) uJ^^'. 



d^u 



find du, 



and show that 



d^u 



dydx " {a +y)^ da^dy 

(14.) w= {(a-ar)2+(ft-y)H(c-^)2}'"*; show that 

d^u d^u d^u 



rA 



■fV^=o. 



da?^ dy^ dz^ 
— oiTi-'i 51 : find du, 

d^u 1 d^u 



(15.) t*=sin"' -i 



and show that 



dydx y^{2sff-—y)i dxdy 



(16.) «=«in-i5+?' 
2 



show that 



dydx" {a?+y^)^ "dxdy 
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buleb's theorem fob the imiiidiiniTTfSroF homogeneous 

FUNCTIONS OF ANY NUMBER OF YABIABLES. 

If t« be a homogeneous algebraic function of n dimensions 
of any number of variables x, y, z, <fec., then 

dy, du du . 
dx dy dz 



Ex. (1.) w=^-t^ ; 

x-\-y 



here n=--^- 



<f^_ (^+y)-^a? ^--{x^+y^) du_ {x'{-y)'^y'-^—{x^'^y^) 
dzr {a+yf ' dy" (a?+y)2 
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^1 : here n=0. smw=— 7==> 

*/x-\-y* — - — s/x^—y* 



du 2vir— V 2v^+y 

cosw^-= ^^ 

dos x-\-y 

_ y 



COStt= V 1— sin^Mrs \/ 1 -= — ^ 

^+y */(c-\-y 

, du y 



dx ^/2y • (a? +y) V d?— y 
Similarly — =■ 



• ^^^ , ./^- ^y~^ _o 

• •a? — hy — = ^ — y =u» 

^ dy v2y(a?+y)vd?— y 

(3.) «= v^+y^ ; here w= 1 . 

</tt . du ^d^u ^ d^u ^d^u ^ 

(4.) tt=(a7+y+;2r)2; lieren=2. 

du du du 

dx dy dz'~ 

,tf X ^y^ .1 ft du du ^ 

(D.) w=- ^ here n=3. w-^ — |-y— =3m. 

OB"^ y OnC CLy 
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CHAPTEK X. 

ELIMINATION OP CONSTANTS AND FUNCTIONS BY 

DIFFERENTIATION. 

Ex. (1.) Let y^aaP+l=^0 ; eliminate the constants a and b, 

—■— 2flkr=0, a=— • — • 

da da 2a 

Substituting this value of a in the given equation^ 

y— -f-'-^+b^O, an equation from which a is eliminated. 

dv 
To eliminate h, take the equation -~-=2a^, and proceed 

da 

to the second differential coefficient. 

da^ da 2a 

d^v dv 1 . - , . , <• » 

/. -7-5=-T-'-> an equation from whicn a and 6 are 

€U3r da a 

both eliminated. 

(2.) f/^—-aa^ha^=:0 ; eliminate a and 6. 

2y-/=a+25ir, .•.a=2v^— 25a? (1) 

da da ^ ^ 

Differentiating again^ we have 

Substituting from (1)^ (2), the values of a and h in the 
given equation, there results 

y^=2ai/-^----a^y --^■-■a^ l~\ , an equation from 

which a and h are eliminated. 
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(3.) J£y=amiaf+bmD.2a} 7^"^^ ^"*"^^~^' 

-i.=acosa?4-2icos2a?, -t-t,= — asiiid?— 4ism2df, 

or aar 

dh/ 

-7^= —a cosd?— 86 cos2;r, 

aar 



d^ 
dos* 

5 -7-5= — 5a sinir— 203 siii2d?, 
oar 



^ •••3+»3^''=«- 



ifiur 



(4.) y=d;*+a«'"'j eliminate a. 

-^^znaf^-^^ame^. :. a= (-r- — na;*"M • — 

dx \dx / WW* 

Substituting this value of a in the given equation, 

(5.) If.=./g)+-^(.y); ^•g-/$=0. 
ilrst, consider y constant, and differentiate with respect to % 

ii2 
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Again, ^(-) +^(^y)' Considers? constant, and differen- 
tiate with respect to y. 



^^S=?-^'©+^^^"(^)- 



dy 

d Sj d z 

Hence a?^-f-^=Q. 
(6.) Let y=imofi ; eliminate the constant m, and show that 

^ flb 
(7.) Let 5^= vjTwHrw j eliminate w and n, and show that 

/dy\^_^ d^y 

(8.) Let a+c(cd;-— y)=0 ; eliminate <?, and show that 

h e . . 
(9.) JjestaP-] — -v2— ._j eliminate the constants a and h, 
^ a^ a 

d^y fdy\^ dy ^ 
and show that an/ -r^+iP l-r-) — y-r^=0. 

•^ dor \dxf da 

(10.) Let {a^l){x+y)—a:y + a=:0; eliminate a, and 
show that yH5'+l + (^+^+ 1)^=0. 
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(11.) Let c taama — y sec wo? + a= ; eliminate a and c, 
and show that X5^^ — m^y . 

(12.) Let y =^ cosa? ; eliminate the circular and exponen- 
tial functions, and show that y=3^ — o T^' 

(13.) Let y=n cos(ra?+a) ; eliminate a and n, and show 

(14.) Let y = sin (logo;) ; eliminate the fimctions, and 

show that a?2--4+a?-r^+y=0. 

dar ax 

(15.) Let y=:a^sin(3;i;+ ^) j eliminate a and h, and 
ahowthat ^-4^ + 13y = 0. 

(16.) Let (d?— a)2+(y— j3)2=r2; eliminate a and /3, and 
show that ^ i , ^ =r^. 

(17.) Let y=-j z^J eliminate the exponentials, and 

show that y2-=.i_J^. 

(18.) I^et --7--^ = 0(^— y^; eliminate the arbitrary 

x-ry 

function 0, and show that y- — |-d?-T-=»w^. 

^ "^ ax dy 

1 y . . 

(19.) Let -ip;2f=0- j eliminate the function ^, and show 

dz dz 
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(20.) Let i-=A^ ; eliminate the function ^, and 

a? — a d? — a. 

'show tliat (y— ft)^+(^— y) j-=d?— a. 



CHAPTER Xr. 

MAXIMA AND MINIMA. 
FUNCTIONS OP TWO OB MORE VARIABLES. 

If te be a function of two variables a and ^, then putting 

dx~~ ' dy'~ ^ da^ dy^ \dydx) daS^ d^ 

having both the same algebraic sign, u will be a maximum, 
when that sign is negative^ and a Tninimum when it is 
positive, 

li, on substituting the particular values of x and y, de- 
termined by putting -^=0, ^-=0, in the second differen- 

dx ay 

tial coefficients, these should vanish, then the third diffe- 
rential coefficients must also vanish, or the function will not 
be a maximum or minimum. i 

du -V du 
If u^f{x, y, z\ then we must put t" = 0> T"^^* 

-r- = 0, and we must have the condition fulfilled that 
dz 

Cd^u d^u I d^u \\ Cd^u d^u / d^u \^} , 
Xd^'d^^^Kd^) j{d^df''\dxdz)j ^''''^^ 

/ d^u d^u d^u d^u \^ 
\dydz dx^ dxdy dxdzf 
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Ex. (1.) Let w=;r*+y*— 4aay*; find x and y when u is 
a TnayiTniim or TninimiiTn. 

Difierentiate, first considering y constant^ and tlien 
26 constant. 

--=4i»*— 4ay2=0, -=-=4^^— 8flkry=0, 

ax ay 

;.d?=±av^. y2=2a2\/2=:a2\/8, :.y=ai/S. 

p. 

^=12y2-8aa?=12a2\/8-8a2v^=16a2\/2, 
ajT 

"^^ =-8ay=-8a3y8, 



dxdy 

d^u d^u d^u 



, and siiice the algebraic dgn of 






r^ and j-j is positive, d?=±a v 2, and y=a± v 8, give 



? .= 



a TmTnTniiTn. 



K we take the values d?=0, y=0, then -r^=0, and 

our 

-—^=0, and also the third differential coefficients 

d^u d^u 

Hence also a;=:0, ^=0, give t«= a miniTniiTn. 

(2.) To determine the greatest right cone that can be cut 
out of a given oblate spheroid. 

Let ABLE be the ellipse which generates the spheroid, 
a, h its semi-axes, (7iV=a?, NP=y=. radius of base of cone. 
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Then 



&2 



»-^p 



a" 




equation to 

ellipse ; and ai 

V altitude of cone zzzAN^za+a, 
and 7ry^= area of base^ 
.". its volume v = ^ wy^, {a + a?), a maximum, 
/. y^. (a + a?) = a maximum, 

"(i?a? 2(a + a?) a 

h 






But, differentiating the 



equation to the ellipse, y=-v^^Z^, ^e We 



^ 






a-'X=2x, 



a2 _^ — 2 x(a-j- x)f 



a 



52 8a2 8 
a* y 9 



•••s^^^-V^^*"- 



Hence • v=-7ry2. (a+a?)=^7r32._=- -^oJ^. 

(3.) Let w=a;^+y*— 2(iF— y)2; find the values of ^vand^ 
which render u a maximum or minimum. 



(tx 



du 
dy 



=42/8+4(a?-y)=0, 



2^+(^— y)=o, 



2a?=:4:x, x^=2, .•.ar=±\/2, 2^=q:\/2. 



£=is^-4=.4-.=», 9 



= 122^2_4=24-4=:20, 
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d^u . d^u d^u d^u , . ., 

=4, /. — - » ■T-s> 7 , > • aJid smce the 



dxdt/ daP dy^ dxdy 

- , . . - d'^u , d^u . ... 
aJgebraic sign of -j-^ and -j^ is positive, 

.". d?= d: V^, and y=^ >/2, give w= a TniniTmim. 

(4.) Let w=a{sina?+smy+sm(;r+y)}; show that ii is a 
TPJ^YiTnnTn when a?=y=60°. 

— =a{cos4r-f cos(;i?+^)}=0, -r-=a{cosy+cos(a?+y)}=0, 
;, d?=y, cos;i;+cos(a;+^)=cps^+cos2;i; 

= cos a? + 2 COS^iT — 1 = 0, 

C06Al?+^C0S;i?=-; •*.cosa?=rr; a?=:60°=y. 

2 2 2 ^ 

-— =a{ — sina?— sin(a?+y)} = — a{sin60+sinl20} 

=-n-2"+-2-}=-«^^ 

^=a{ — siny— sin(a?+y)} = —a \/3, 

-- — =-=a( — sinte+y)} = —a sin2a?= —a sin 120= —a —zr-j 
dxdy \ \ '^fi 2 

d^u d^u d^u , . d'^u 

/. -=--s • -r-o >-T — r-> and •; the algebraic sign of -r-s and 
dar dy^ dxdy dur 

d^u . . 3(j /— 

-r-s is negative^ /.««=-— v 3 = a maximum. 

(5.) A dstero, which is to contain a certain quantity of 
-water, is to be constructed in the form of a rectangular 
parallelopipedon ; determine its form, so that the smallest 
possible expense shall be incurred in lining its internal 
sux&ce. 



s 
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Let d^ = its content, x = length, y = breadth, then 
— = deptL . 

.'.surface =w=a?y+2 — ^2 — > a minimran. 

x y 

du 2a* ^ </m 2a* _ 

:,a?y=ixy^^ ^=y, gfiyzs:afl^2€fiy a!=:y=2^a. 

a* a^ 2*a 

— = -5-^ = — • JBfence the base must be a square, 

ay 2V 2 ^ 

and the depth equal to half the length or breadth. 

Aeain — -= — = — =2, -^=2, =1. 

^^ dai^ a^ 2a^ ' dy^ ' dxdy 

d^u d^u I d^u \^ TT 

•'• T-T,* -T-s > ( rz — ;- ) • Heuce tt is a Tninimuin. 

dx^ dy^ \dxdyf 

(6.) In a given circle to inscribe a triangle whose peri- 
meter shall be the greatest possible. ^ 

Let r be the radius^ and B and ^ two of 

the angles of the triangle ; draw BD JL 

A G the base : then, Euc. B. 6. prop. C, 

SD 

c»a^=:JBD'2r, :.a=:2r- =2rsind, 

c 

c an<f> sin0 ^ . 

-=-r-^> ;.<?=-r-^xa=:2rsuiA, 

a sind sinO ^ 

6 _sin5_^sin(7r— -5)_sin(0 + 0) 
a~"sin6" sin0 "" sinO 

Bind ^ ^^ 




Hence M=a+<J+^=2r{sin6+sin^+sin(0+^)}, 
du 

do 



— =2r{cos0H-cos(0+0)}=O, 
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— =2r{cos0+cos((?+0)} =0, 

.'.cosd=cos0, 0=0, 0-f0=20, 

/.cos(?4-cos20=O, cos0+2cos2d— 1=0, 

008^0+^ cos d=~> .•.cos0=-> 0=6O°=0. 

Hence the L s are all equal, and the A is equilateral 

_=2r{ — sin0-sin(0+0)} = -2r {sin60-f sinl20} 

= -2r\/3, 

— =2r{— sin^— sin(0-f0)} = — 2rV^, 

J^= -2r{sin(d+0)} = -2rsinl20= -2r.^= -r V^, 

.'. — :•-:— :=12r*, and — • — > • 

d^ d<f^ ' "^ dB^ df dddip 

Hence the perimeter is a nia.xinnini. 

* (7.) To determine the least polygon that can be described 
about a given circle. 

Liet 01, 0„ 0^,,,,0^, be the successive angles contained 
beti^een the lines from the centre to the angular points of 
the polygon and the radii of the circle ; then if the radius 
be r, and the first of those lines be I, the area of the right- 
angled triangle whose angle at the centre is O^ will be 

1.1 7^ 

-r^sin0^=-r.rsec0i. sin0i=— tanOij 
ju A 2 

and similarly of aU the n triangles successively, into which 

the polygon may be supposed to be divided ; so that the 

entire area of the polygon will be 

— (tandi4-tan0,-f tan08+ . . . -f-tan0^). 
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But tan0^=: — tan{27r— (01+6,+ . . H-0^.i)} = — tan(27r— ^), 

where^=0i+08+ . . . +0h-i* 
/. «=tan0i+tan0j+tan03+ . . — tan(2x— ^), a min. 
Now, difTerentiating with respect to di, considering tlie 

others constant, and remembering that di is contained in ^, 

the assumed sum of the series, we have 

du 

— -=sec26i— sec2(27r--^i)=0, /. 0i=27r— 0i=(?^. 

ddi 

And Bimilarly, any one of the angles is equal to the angle 

immediately preceding j hence aU the angles are equal, and 

the polygon is consequently equilateral. 

(8.) Of all triangular pyramids of a given base and alti- 
tude, to find that which has the least surfisice. 

Let a, h, c he the sides of the base, h the 
altitude of the pyramid, d, 0, \//, the inclina- 
tion of the faces to the base. 

Then, if /? be a perpendicular from the ver- 

, . , . r» ^ ^ ■. 

tex on the side a, sin0=-> .'./?= -r—i=Acosecd, 

p smd 

area of face =:-^ap=:-^ah cosecd, 
:. area of the three faces=^A cosecd + -^hh cosec^ -f- -^h coseciL 

ja ju ji 

u^—h{acoaecd+bcosec<l>+ccoaec\f), ....... (1). 

Also, the base of the pyramid may be dividediato three 

triangles whose altitudes are readily determined; 

h aO 

V -7:=tan0, .'. -7-=cot5, .*. altitude aO= A tan 0, 

aO h ' 

.'. area A-40C'=^a.aO=;raAcot©, 
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.'. area l)a8e=^aA cotd+-^hh cot^+-rA cot\//, 

^ ^ ^ 

and putting this area =m^, we have 
w2=-A(acot0+6cot^+ccotT//) (2). 

From (1), — ==:J--acosec0cot0--<rcosecT//coti//-j^[==O, 
do Z{^ du) 

du k( - d\L) ^ 

-^=^ — ocosec^cot0— ccoseci//coti//-~/=0, 

d\L 
.'. a cosecO cot (9= — c coseci// coti// — > 

dO 

d\L 
cosec^ cot0 = — c cosecv// cot ;//-—-> 

wi^/ d\L d^ 

a cosecd cot (9 -7^ = — c cosecu/ cot \(/ -7^ '-t-j 
<f0 ^ ^ 0^0 dip 

d\L dw d\L 

h cosec0 cot0 -72:= — c cosecif/ cot \f/ -~ • -r-> 
acr acr a^ 

</\// - (/vZ' 

.•.acosec0cot0-r-=6cosec^cot0— .... (3). 

d(b du 

From (2), -— ==a cot + 6 cot + c cot i//, 

2m2 
ccot^//^— r acotd — bcot(j>, 

-c (1 + cot2v/,) ^=a (1 + cot2a), 



d\p a 



-C (1 + C0t2if.) f^=5 (1 + C0t2<^), 

cosec^O 



dB c cosec^i^ 

rf^ h cosec^^ 

^^ ccosec^i// 



Substitute these values in (3). 
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aoosecOcotO* =^=ocosec^cot6- s-t> 

ccosecHi// ^ ^ ccosec^)// 

.*. cot0cosec^=cot0cosec9, 

COB0 1 008^ 1 

— : — — • . =~: • — : — tt* •'• 0=0. 

sinO sm^ sin^ sinO '^ 

Similarly, by finding the partial differential coefficients 

•--> -jjy considenng first t^ and then Q constant, it may be 
dB d\p 

shown that 0=1//. 

Hence 0=0=;//, or the faces are equally inclined to the 
base. 

(9.) Eequired the dimensions of an open cylindrical vessel 
of given capacity, so that the smallest possible quantity of 
metal shall be used in its construction, the thickness of the 
side and base being already determined upon. 

Let a be the given thickness, c the given capacity, 
20= radius of base inside, y=: altitude inside. Then 

Whole volume v=7r(a?+a)^«(5^+a). 

Interior volume c=TirVi hence the quantity of metal 
V— c=7r(ar+a)^«(y+a)— c=a minimum, 
.-. (a?+a)2.(y+a)=a minimum. 

(^+a)2(fy+(y+a).2(^+a)^a::=0, .-. ^=-^J^. 

e 

fa 



^ TT ixP ** dx IT ar* ** oj+a iros*' 

Whence a? =y= (-) . Therefore the altitude must be 
made egual to the radius of the base. 
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(10.) u=ix?—Zaxy-\'^ ', find the values of x and y which 
render u a maximiim or TniniTmim. 

ar^a, y=a, w=a minimum when a is positive, 
and a maximum when a is negative. 
(11.) u^aa^—hx^y-^-y^', find the values of x and y which 
make u a maximum or minimum. 

(^12.) u'=^ao^^—!X^y^—o^y^\ find the values of a? and y 
which make u a ma,ximum or minimum. 

a a a^ 

iF=-> y=rt» ^=T^ ^ maximum. 

(13.) w=(l- - ~ -) . /l- ^±^\ ; find the values of x 

if 

and y which render u a maximum or minimum. 
(14.) M=acos2iF+ft cos^y, where y= j-fa?; find the values 

of cos;r and cosy which make u a maximum or minimum. 

la 1 * 

cos2ir=-di — — * cos2v=-di 



2 2y/^^^^ 2 2^/1^^^ 

1 / 

t<=^(a4-5±'v a^-f ^2^, a maximum with the upper, and 

a minimum with the lower sign. 

(15.) Divide a given number a into three such parts x, y, 

X'U XX %! Z 

and Zy that — +— +-j- shall be a maximum or minimimi, 

u O 'x. 

and determine which it is. 

(16.) Inscribe the greatest triangle within a given circle. 

The triangle is equilateral. 
(17.) A given sphere is to be formed into a solid composed 
of two equal cones on opposite sides of a common base, in 
such a manner that its surface may be the least possible : 
find the dimensions of the solid, and compare its sur&ce 
with that of the spker^ 

H 2 
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(IS.) Sliow that the greatest polygon that can be inscribed 
in a given circle is a regular polygon. 



. ^ .y" 



z 



2 



, (19.) In a given ellipsoid, whose equation is -^+ 7^ H — o^l, 

a* h^ c^ 

to inacribe the greatest paiallelopipedon. 

If 07, y, jer be the half-edges of the parallelopipedon, 
a h e 8ah€ 

V^ ^ >/3 </3 3* 

|f {20,) To find a point F within a given triangle, from 
which, if lines be drawn to the angular points, the sum of 
their squares shall be a minimum. 

lIAyB, G he the angles, a, b, c the sides of the trian^e ; 
then (7P=i(2a2-h2^~c2)*. 

The point is the centre of gravity of the triangle. 
(21.) Divide the quadrant of a circle into three parts, 
such that the sum of the products of the sines of every two 
shall be a maximum or minimum, and determine whidi it is. 



CHAPTEK XII. 

TANGENTS, NORMALS, AND ASYMPTOTES TO CURVES. 

If y=/ (o^) be the equation to a curve, 

y'— y=-^(ir — a?) is the equation to a tangent. 
K t«=^ (dr, y)^=^c be the equation to the curve, 
— (^'-s>)-i-'i-{y'—y)=^0 is the equation to the tangent. 
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The equations to the normal are 

y-y=-^{<^-<c). and ^(y-y)-^{,f-x)=o. 

The tMigent=y A/ 1 + (^) , Nonnal=y /y/l + {^ , 

Subtangent =y — > Subnormal =y -j- • 

The portion of the axis of y intercepted between the 
origin and the tangent is y— ^;r-=^o- 

The portion of the axis of x so intercepted is x^y -j-=:Xq, 

Ex. (1.) Draw a tangent and normal to a given point P 
in the common or conical parabola. 
^z=i4tax is the equation to the curve, 

dx ' " dx y 

Subtangent ir^=y-^=J-=2a;. 
^^ dy 2a 

Hence to draw the tangent, let fall the perpendicular FIf, 
take NT^%AN, and join P^; P^ will be the tangent. 

Subnormal NG=y^^2a, 

dx 

Hence to draw the normal, take I^G=^2AS, and join FG ; 
FG will be the normaL 

(2.) Let y"=:a""^a5 be the equation to a curve ; find the 
subnormal and subtangent. 

005 dx wy** 1 

Subnonn.1 3rtf=y^=?^;=^=-|=5=i^ ; 




80 TANOEMTSf, KOBMALS, AND 

a vx J. xrm ^^ ''^iT ''^fT 

Subtamrent NT=y -t-= -^= -^-=wa;. 
^ ^dy a~-i ^ 

Kw=2, y^=zax, NG=-9 ff'T=:2oc, and the curve is a 

parabola. 

(3.) Let w=a!?— •3aa|y+^=0 be the equation to a curve; 
determine the subtangent. 

/. Subtangent iVr^=y^=^:i^. 

(4.) 'I£i/^=^4:a{x-{-a) be the equation to a parabola^ the 
origin in the focus ; show that the points of intersection of 
the tangents with perpendiculars from the focus are deter- 
mined by the equations x^=^'—aJ y,=^' 

^ the focus, AS=^a, S^=:x, A^^x-^-a, NP^y, 
^=4a(a5+a) . . . (1), eq". to curve, 

y.-y=^(aJ,-«). . (2), eq^totan., 

dx 
y,= — ^05, (3), eq". to ppdr. from origin, 

.-. by subtra^ion, y=-. ^a:.- ^aj.+^oj, (4). 

„. dy 2a dx y v^ y2 

^ ' dx y dy 2a 4a 4a ' 

'^ Xdi'^dy) ^•=^^'"^' •*• ^^ substitution 
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(j+ffl -7 (r. -») -'• 

-qT— «.— 5 — - — y— — o— — 



dx 



y 2 



2y ' 



(5.) The equation afy=a, which includes the common 
hyperbola^ is said to belong to hyperbolas of all orders. Find 
the subtangent at a given point in the curve. 



a 



rnstf* 



-1 






an 



dy 



y 



dx 



:. Subtan. NTz=zy~=z — 
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t+1 



dx 



an 



ju^jjf»-i.y«+i 



(6.) Given two points -4 and B, find the locus of F when 
the angle FBA is double of the angle FAB, and draw an 
asymptote to the curve traced by P. 

A the origin, AB=:a, AF^x, NF^y, Az=zd, B=:2e, 

p 
2xy 



2.^ 



y _ 



X 







» KO 



/. y2=3fic^'-2fla?, the equation to the curve. 

2 . 2 

Whence, if y=0, x=-a, and taking AO=-^AB, the 

curve will pass through 0, 
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The origin may be changed to by putting ir,=Oir, acB.^ 
substituting the resulting value of ^ in the equation to tb^ 

curve ; whence yss+a; lZ-{ 1 , 

Toi 1 „ i 2a 2\2 / „ . /2«\2 D, ) 

=:±3*a±-r^ t-hF — T<fec. 

3* 2.34aj aj2 

.'. y=±a5v3Hi— ^ is the equation to the asymptote. 

IfiB=0, y=±-7=> ify=0, «=^-' 

V 3 3 

.'. — = v3=tan 60*^, and the asymptote cuts the axis of 
a; at an / of 60°, and at a distance = — q from the point 0. 

(7.) If y2= be the equation to a curve ; find the 

equation to the asymptote. 






.'. y=d: (a+^i) is the equation to two asymptotes, and •/ 
if a?=0, 5^= a, .'. an asymptote cuts the axis of y at the 
distance a from the origin; and v ify=0, x:=—ay :, an 
asymptote cuts the axis of x at the distance —a from the 
origin. 

dy 
Again v -^=±l=tan45° or tanl35°, .'. these asymp- 
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totes cut the axes at an angle of 45°, and are consequently 
at light-angles to eacH other. 
Putting 07= a in the equation to the curve, we have 

« 2a? a5>/2 

.'. there is another asymptote parallel to the axis of y. 

(d.) Ify— 2=(a5— •l)'/a5— -2 be the equation to a curve; 
find the point and angle at which the curve cuts the axis 
aix, and the values of x and ^ when the tangent is perpen- 
cokr to that axis. 

Ka?=0, y— 2= — \/^, .-. y=2— V"^. 

Ify=0, (aj-l)-/^=^=-2, (iB2-2aj+l)(a;-2)=4, 

a>i (x^S)—x{x-d)-\'2 {x—^)=0, :. x=zS, 

dy . -.1 > jr oj— 1+205— 4 305—5 



^ ^ ^ 2*/^^ 2%/S^ 2 A~2 

£^y 9 5 4 

Hence, if a? = 3, — = tand = — ; = - = 2, and the 

ci^ 2-/3^ 2 

carve cuts the axis of 05 at a distance 3 from the origin, and 
at an angle whose tangent is 2. 

Again, if aj=2^ V'a;-2=0, .'. y-2=0, ^==2, 

dy 3a;-5 6-5 1 

-^= — = =—=00 when x=2. 

dx 2VX--2 

Hence the tangent cuts the axis of 05 at an angle of 90°, 
or it is perpendicular to that axis when o;=2 tod y^2. 

(9.) If from any point P in an ellipse a straight line be 

drawn to the centre making an angle Q with the normal, 

and if ^ be the inclination of the normal to the axis major ; 

tan^(a2_^,2\ 
ahow that taii6= ^,^^^^, ^ 
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Let CA^a, CJB=^h, CN=x, NF^y, 
L CPG^Q, CGF=l. 

j/^=-2(a^— 05^=^^ 2"' eq^'to ellipge. 




a' 






by a property of the ellipse. 






a' 



y ^x 7 

X or 



y^ 



h^ 



also •^=tan PCN^-^ tan^, 



e-CPG=:PGN--'PCN; 

tand=tan (PGN'-PCN)^- — - — „^-- ^ — =^7=- 
^ ' l-^tauPGJ^-tsaxPCIf 



t^uCGP-tsaPCN 



taa? ?tan^ 



a^ 




( 



^ 



] 



l+UnCGP'\AnPGN , , , ^, , 

l+tan^'-rtan^ 

"■ «24-62.taa^ "aH^^-tan^r 

(10.) From the centre C of a circle a radius Ci? is drawi^ 
cutting the chord BD in M, MP is drawn at right-angles to 
BD and equal to MR ; determine the locus of Pf and draw 
the asymptotes. 

Let BD, CO be the co-ordinate axes, 
A the origin, 

GR:=a,OA:=zc,AM^x,MP—p, Th^ 
MP-MR^GR-CM 

=GR-^ y/GA^AM^, or 

^=a-- V^c^-f fic^, the equation required 
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= v/((7/'+C4) {CF-CA)^ s/TfTaO^ '/aW, 

:. x=zAD or -4-ff. 

If a?=d:oo, y=— 00. Hence the curve passes from 
through JB and JD to infinity. 

To determine the direction of the tangents at these three 

dv X 

points; -^ = tan6=q:-===0 if iB = 0, ;. at the 

dx WC^^Q^ 

tangent is parallel to the axis of x, 

dy ^ ^ _ X AD V^S^UTa , . , 

-^= tan =-!---; =-- ; — = y which 

determines the direction of the tangents at D and B, 

Again, putting x^ = 0N=. CO — (7iV=: « — (c -h y\ we have 
yzs^a—e-^x^] and putting y , = NP = x ; and substituting 
these values of x and y in the equation to the curve, the 
origin will be transferred to 0, Thus 

.*. y?:sz2ca!^-\'X?f which is the equation to the rectangulai 
hyperbola. 

To find the equation to its asymptotes, 
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.*. y= + (^-f ^) u the equAtion to the two aqrmptotes; 
and •/ putting y=0, we have «= —e, and 
putting jf=0, we have y= die ; also 

V -p-=tan0=±:l ; :. the asymptotes cut the axis OF 
dx 

at Z 8^45^ and 315^, at the distance -—c from the origin 0. 

Take OT— GA, and draw the lines TS, TS, at Z s=45<* 
and 315° respectively, these wiU be the aEP^ptotes. 

(11.) The normal to the curve whose equation is ^=4aa?, 

is a tangent to the curve defined hj y2— ^^ {yi-'2af, 

dv 2a y / ^ \ 

y^^iax, ^=y •'• y.-y= - 2^ \<^—^h ®<1° *o normal, 

V fX-\-2'a\ _ 

^,=;{;-|-2a2=part cut off from axis of «r. 
y'=27^ ^''~^^^'' ^ logy=log ^+ 3 log (x-2a), 

fl?x y x—2a "^ fl?y 3 ^ '' 

d^ 2 - „ . xH-4a . . ^« 

/. X — y -7- = X — - (x — 2a) = — ^ — = part cut off from 

axis of ^. 

Hence, that the normal and tangent may cut the axis of 

X at the same point, w« must have the equation 

x+4a _ * « « 

— r — =;r+2a, /. x=3;r+2a. 

o 

But, the angles they make with the axis of x ought to be 
the same, and since 



dy 2a da 2 x— 2a 
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. £^3 y 
"2a 2*x^2a 






.2ay 

.*. 3^=x— 2a, x=3;r+2a, the same as before. 
Hence, the normal and tangent, cutting the axis of ;r in 

the same point and at the same angle, must be coincident. 
(12.) In the curve defied by 2^=iaaP+ar^ prove that the 

]H)rtion of the axis of y intercepted between the origin and 

the tangent =|.(^)*. 



3y5 



3x» 



dy 2aai2+3a!» 3/-2a.r2-J 

2^^ 3^"" 3 (a^ +;»»)* 

a x^ a a^ a / ^ \f 

""3 {(a + ^)ir2}|""s (a+;r)M""3 ^a+x' 

(13.) If y^=a^— a?^; draw a tangent to the curve, and 
show that the part of the tangent intercepted between the 

axes =:«, and that perpendicular on tangent = V axy, 

—y ■• — = X », — = 7> 

^ dx Z dx a?» t' 

^~-= — a?8^^= — y^ (a»— yt)=:y— atyi, 




di; 



CLX 



AT^y ^=y { 7) '-X'=--'X^yi^x 

, dy \ y*/ 
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Now 2)r2=J[i:)2+^^=aty#+a*^#=at(y»+a#) 
;. I)T-=ia'=^ part of tan. intercepted between the axes. 

.'. AF=:ia^xiy^=: length of perpendicular on tangent. 

(14.) Suppose a rigid rod JBF slides along the line Aa in 
such a manner that its extremity F shall ~-f^ 
be constantly in a given curve whose equa- 
tion is y=f(x\ and let BQ be an n^ part -^ h / m b « 
of JBF; determine the equation to the locus 
ofQ. 

Let FF=a, AN—x, NFz^iy^ AM^x,, MQ^y,, Then 

MQ : NF :: BQ : BF, or y. : y :: - : a, 

n 

But ^ir==^if-iOf =^ Jf-(irj5~ Jf5)=^, -(wJO- Jf^) 
=;p.-(n-l) J/^=;p,-(n-.l) ^^2-y2, 

.'. y, =-•/•! ;p, va^—n^y^ \ , the equation required. 

(15.) Determine the subtangent to the curve of which the 
normal = 2 a^* (abscissa)^. 

Let X be its abscissa, y its ordinate. Then 

V Normal FG^^y-^y :. y-j--=>%c?3^, an equation 

evidently derivable by differentiation from ~=— -> 
:, y=:ax^ is the equation to the curve. 
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Now V ^=?^=?^=:2«^, . $ 



dx y aac^ ' " dy 2ax 

^ ^ dy 2ax 2 

The equation to the curve may be put into the form 

^=~-y> therefore the curve is a parabola^ whose parameter 

is -> and whose line of abscissae is perpendicular to the hori- 
zontal axis. 

(16.) The equation to the catenary is 2y=^c\e^+e y ; 
find the length of the normal. 

l=l{*'S+*"'(-7)}=l{'^-''''>' 

Sx Sat j£ _aas 

c^a:^ 4 e/;i?^ 4 

V——— / 2g 2g X X 

^■^^= ^ 2 =—2— =7' 

.-. normal P6^=y V 1 +^=y7=72^• 
(17.) If «/»—(«+ ^^;c) 2^-1 + (c 4- «^+/^)«/""2—<fec.=0 be 
the equation to a curve of n dimensions, prove that, if each 
ordinate be divided by the corresponding subtangent, the 
sum of the quotients will be a constant quantity. 

Let r-j, rj, r,, .... r„ be the values of y which satisfy 
the given equation^ and 

*i> hi hy ••••*!» *lie subtangents corresponding to these 
values of y ; then, by the theory of equations, 

^'i + ^a+^s • • • • r„=a+iar, 
I 2 
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dr. dr^ dr^ dr^ , 

dx dx dx dx 

and, taking the differential expression for the subtangents, 
^r^dx _ r^dx ^rjlx 

. n dr^ r, (/r^ r^ dr^ 



■9 — 



Hence !i+l*+!i . . . +^=6. 

8 1 8^ *8 *n 

(18.) If y*— ^H-26^y=0 be the equation to a curve; 
find the equation to the asymptote. 

Assume y=:xz, then x^z^—x^ H- 2 6^^ =0, 

x=- T> y=r 7> which both become infinite 

when 4;^= 1 or ;2r= 1 . 

dx dx 

* 

^ ^ %_ 2^ — 25a;2y _ 2y*H-5a?^y— 2^H-25a:V 

_ 2 (y^—a;^) + 3 ha^y _ —4:haPy+3 hx^y _ hx^ y 
■" 2y^+ba^ "" 2p+ft^ "" 2^+^' 

= — ^ — 3 — ^> which, when ;2r=l, and consequently 

^=00, becomes -42)= — r; r= 1 = — «• 

2^+^> 2+- 

Hence y=4?— ^> y= •— ;»•— ;r are the equations to 
two asymptotes. 
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(19.) Investigate an expression for the subtangent : and 
in the parabola of the n^ order, whose equation is yz^aa^, 
£nd the subtangent and subnormal 

Subtangent = — ^, subnormal = 7ia^a^*^~^. 
(20.) The equation to the ellipse being ^^=-0 {2ax'—a!^) ; 



a2 



&id the subtangent and subnormal. 



Subtan£:ent= > subnormal=— r(a— ;i:). 

\ 

t 

■ d'u 

\ (21.) Prove that -j- equals the tangent of the angle at 

dx 

which a curve, referred to rectangular co-ordinates, is inclined 

to the axis. 

(22.) y^zTzo^—ac^ being the equation to t^3 circle, the 
origin at the centre, show that the curve cuts the axis of x 
at an angle of 90^ 

(23.) ^=:2aa?—iF2 being the equation to the circle, the 

origin in the circumference, find the subtangent and normal. 

^'ax 0? 

Subtangent = > normal = a. 

a—x 

(24.) If an ordinate NF in an ellipse be produced until it 
meets the tangent, drawn from the extremity of the latus 
rectum, in ^; prove that the distance of P from the focus 
is equal to the distance of T from the axis of abscissae. 

(25.) In the ellipse, if it be assumed that ir = acos<; 
prove that the equation to the tangent will be 

fta? cos ^ + ay sin < = a6. 

(26.) Find the locus of the intersection of pairs of tangents 
to an ellipse, the tangents always intersecting each other at 
right angles. ic^+y^ssa^+J^. 
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(27.) 2/^=5 being the equation to the cissoid of 

XHocles, find the equation to the tangent, and show that 
there is an asymptote which cuts the diameter at its extre- 
mity at right-angjes. 

Equation to tan. y,= \ jx ^ \ • { (3 a— d?) a?, —ax) • 

(28.) Prove that half the minor axis of an ellipse is a mean 
proportional between the normal and the perpendicular from 
the centre upon the tangent. 

(29.) In the logarithmic curve, whose equation is ^=0*, 
show that the subtangent is equal to the modulus of the 
system whose base is a. 

(30.) Prove that the curve whose subnormal is constant 
is a parabola. 

(31.) In the hyperbola, whose equation is y^= -2(200:4-4^ 

show that y=±-(irH-a) is the equation to two asymptotes 

passing through the centre and equally inclined to the axis 
oi X. 

(32.) Draw the rectilinear asymptotes of the curve defined 
byy^+a%=a2^, and determine the form of the curve at 
the origin. 

(33.) Let a^—y^+ax^^O be the equation to a curve; 

a 

show that the equation to the asymptote is y=ir+« • 

(34.) If at/^^zba^—c^xy be the equation to a curve ; show 
that y= (-) • (x 7—^) is the equation to the asymptote. 

(35.) In the common parabola, whose equation is f/^=z4aXf 
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find that point at which the angle, made by a straight line 
from the vertex with the curve, is a maximum. 

(36.) A rectangular hyperbola, and a circle whose radius 

is 2 a, have the same centre ; £jid the angle of intersection 

of the two curves. -v/l5 

Angle = tan" ^ . • 

(37.) Find that point in an ellipse at which the angle 
contained between the normal and the line drawn to the 
centre is a maximum. 

(38.) Determine the aiigle at which the curve, called the 
lemniscata of Bemouilli, whose equation is {^^'\-aP^^ 
=2a^ {pfi—y\ cuts the axis of x. 

(39.) If -4 be the vertex, P and Q corresponding points in 
the cycloid and its generating circle, prove that the tangent 
at P is parallel to the chord AQ. 

(40.) Th^ centre of an ellipse is the vertex of a parabola, 

the axis of the parabola intersects the axis of the ellipse at 

an angle of 90^, and the curves also intersect each other at 

right angles ; show that major axis : minor axis :: \/2 : 1. 

(41.) If y2=?w^H-wa^, show that an asymptote cuts the 

axes at points indicated by ir= and y = 



2n 2n^ 

(42.) Show that the locus of the intersection of tangents 
to the rectangular hyperbola and perpendiculars upon them 
from the centre is the lemniscata. 

(43.) Draw the asymptotes of the curve y^=) rs* and 

determine the distance of its minimum ordinate from the 

origin. 

(44.) Find that tangent to a given curve which cuts off 

from the co-ordinate axes the greatest area. . 

a?o=2a?, yo=2y. 
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(45.) Draw a tangent to the curve, whose equation is 



m-\ 



y=aa? ** , and show that the t^uigent always cuts from the 
axis of y a portion equal to an m^^ part of the ordinate at the 
point of contact. ^ 

(46.) If y^H-a;^— 3ir2=0, show that y=— ar+1 is the 
equation to the asymptote, and that the maximum ordinate 
is at the point indicated by ar=2. 

(47. ) If Che the centre of an ellipse, and iVP any ordinate, 
and if in i\rP a point Q be so taken that its distance from C 
shall be equal to NP ; show that the locus of Q is an ellipse 
whose major axis is the minor axis of the given ellipse. 

(48.) Draw a tangent to the curve whose equation is 

y=z— — -^> and determine whether the curve has an asymp- 

tote. 

(49.) ABD is a semicircle, centre C and diameter AD ; 
EF is a chord parallel to AD, CQR a radius cutting EF in 
Q ; QR is bisected in P. Find the locus of P. 

ay=(2y-^) (^+y2)i 

(50.) Show that the curve, whose equation is a?-\-ahy 

— aar^=0, has a rectilinear asymptote at the distance h from 

the origin, and also a parabolic as3rmptote, whose equation 

is ay— -J h^=z (a?— -6j , the latus rectum of the parabola 

being a, and its axis parallel to the axis of y. 

(51.) B AC is a triangle, right-angled at ^ ; a straight rod 
moves through the fixed point C, while one end slides down 
the line BA : show that the curve described by the other 
end is a conchoid whose equation is iF^y^=(a?— i)^(a^— ic^, 
and determine its subtangent. 
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CHAPTER XIII. 



POLAB CO-OBDINATES. SPIRALS. 



Ifr=/(d), or jp=/(r), aiidtt=-i then 



Tangent of angle {<f) contained by radios vector (r) and a 

dd 
du 



tangent to the curve, is tan/S'PFrsr — = •— w — 



Perpendicular on tangent, 



SYz=zp=:. 







Subtangent ST=r^^ 

dr 

1 , du^ 

/^ ^d(P 



de 

dr r 



^ P 



dd ? 



^/r^ — j^ 



Ex. (1.) Find the polar equation to the common parabola. 

SP=r, Z ASP=e. 

r=iDN=z2AS'hS]^=2a+rcoaFS]!^=:2a'-'rcoae. 

2a a 



:,r+rcoB0=2a, 



:,r= 



lH-cos(9 ^ 
cos*^ 



(2.) The equation to the spiral of Archimedes is r=ad; 
find the angle between the radius vector and tangent, and 
the subtangent. 
dr 



de 



=a. 



/. 5Pr=tan-ir— =tan"ir-=tan-i0. 

dr a 

dd T^ 
Subtangent ST==f^—=z — 

dr a 
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(3.) If r=a (1 -I-COS0), find the equation between/? and r. 

1 I du a and 

u a + acosd ad {a + aco&Sy 

[do) '~{a + aco8dy{a'\-acosey' 
But acos0= a, a^cos^flrr— j-a^, 

:. a^—a^ cos^d= 5» a+a cos0=-« 

u u^ u 

(4.) The tangents at the vertex and extremity of the 
latus rectum of a conic section intersect; prove that the 
distance of the point of intersection from the vertex is equal 
to the distance of the focus fix)m the vertex. 

Let A be the vertex, JS the fociis, and T the point of in- 
tersection. 

The equation y=-y/2cuv-f-a^ will, by using 




the negative sign, comprehend all the conic —^ 
sections excepting the hyperbola; and, by using 
the positive sign, it is the equation to that 
curve. 

dv 

Differentiating the assumed equation, -£z=-.—^^; 
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and sabstitutiiig the values of y and -^ in the equation to 

dx 

the tangent, we have 
But at the origin ^,=0, and ar=^/S'=m suppose. Then 
5 /2awqiw2— aw±:m2\ Jm 






a ^ \/2amipm2 ' v2am^^ 
Now a2=62^ (a+m)^, by a property of the curve, 

.-. 2awipm2=52, .-. TA=y,=:m=zJSA. 

(5.) In the ellipse, if /? be the perpendicular from the 
centre on the tangent, and r be the distance of the point in 

the curve from the centre, prove that jp2 -_.___ — — . 
Terp^CF=r, jLPCN=B, then ir=rcos0, j/=rsin6; 
--+^=1 equation to the ellipse, 

r^cos^fl r^sin^d „ /cos^fl sin^flx ^ 



.-. r2=: 



^2 + 12 -^l a2 "^ i^2 j 



h^QO^Q+a^mi^d a2(l-^cos20H-a2sin26 

where l— «2== . 

a-* 

.-. r2= 



a2 -— a^e^cos^d 1 — e2cos2d 

••• w2=l..(l-e2cos2a), 2w^=-i-{-2^cos0(~sin0)} 

du 1,0 « . «•> 1 1 ^cosflsinfl 
— = — {^cos0 smd} • -=-7» — 7====« 

rf(? ft2^ ' U b V1-C2C0S2« 
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2 (du\^_ l-^€^COS^d g^C08?g(l~COs2g) 

_ l—2e^co&^e+e^co8!^e+^*co&^d—el*coB:^d 
" ft2(l -.e2cos2fiD 

_ l-2e2co82aH-e4cos2g 

■" ^2(1 ~«2oos20) 

But ~=— ^— /. e2cos26=l~ ^, ^oo«2d=.2_^ 

r2 r2 

_ ^2 r2i ^ a2) _ a2-^^\}^a2) 

Ai2 A«2 



62 



-.-+«2(H-^) 



.•.Jt?2= 



a22,2 



(6.) In the ellipse, if ^, be the origin, the equation is 

52 
y^=i^{2ax—a?)\ let S be the pole, AA,SF=d, and 

SF=:r ; show that the equation referred to polar co-ordi- 



nates is r= 



__a(l-^) « 



1 H-^cos6^ 



(7.) The equation to a curve being y^^af^+asf*"^)^ ; 
determine the polar equation, and show that an asymptote 
cuts the axis of abscissae at an angle of 45^, and at a dia- 



a 



tance = from the origin of co-ordinates. 



m 



(8.) In the hyperbola, if /S'be the pole, the polar equa- 
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tion will be r= •=— ^ ^ J if the centre be the pole, the 

polar eqiiatiaii will be r= 

V e^cos^^— 1 

(9.) Show that the polar equation to the lemniscata of 
Bemotiilli is r^=^2a^co8 2d, and that /?= ± 



2a2 

(10.) Show that the polar equation to the conchoid of 

b 
Nicomedes is r-=:a-\ -> the equation between rectangular 

coordinates being x^y^={a-\-xf{b^—aP^, 
(11.) Show that the equation ^=t represents two 

polar curves, one having an exterior and the other an interior 
asymptotic circle, and exhibit the general form of the two 
spirals. 

(12.) The polar equation to the cissoid of Diodes is 
r:=2a tand sin0. Prove this. 

(13.) The equation to the lituus is r2=_ j show that the 

subtangent ='2av6, 

(14.) In the cardioid r=a (1 —cos 6), and if r, be a radius 
in the direction of r produced backwards, r,=a (1 + cos 0) : 
show that 2(l>=^0, 

(15.) If the polar equation to a hyperbola, referred to its 

a(^— 1) 
focus, be r = r-^ ^ i show that there are two asymptotes 

intersecting the axis of a? at a distance (m from the origin, at 

angles whose tangents areH — and respectively. 

(16.) If 6=— 7=== be the equation to a spiral; show 
V 2ar— r^ 
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that a circle whose radius is 2 a is an asymptote to the 

spiral. 

a** 
(17.) If B=—9 and na*=ft*; show that the equation 

between the radius vector and perpendicular on tangent is 



CHAPTER XIV. 

SINQULAR POINTS. TRACINO OP CURVES. 

A curve is convex or concave to the axis according ^s 
y and -7-^ have the same or opposite signs. 

To determine whether there be a porat of contrary flexur^ 

we put t;5=0 or 00 ; and if a be one of the values of ^ so 

found, we substitute successively a+A and a—h for x in 

—^ > then if -r-^ have opposite signs, there will be a point of 

contrary flexure denoted by a?=a. 

//« 
At a porut of contrary flexure in polar curves -~-=0. 



K any values of x and y make -r^=:r> this circumstance 

Od? 



dx 0' 
generally indicates a multiple point. 

For a point of osculation (^) - (^) (^) =0. 
For a conjugate pomt (^ _(_)(_)< o. 
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At a cusp, if d?=a, -j- has but one value ; and, substituting 

successively a+A and a—h for x, -r^ has two values. 

For the ceratoid or cusp of the first species, the values oi 

dOr 

For the ramphoid or cusp of the second species^ the values 

of g We the «^ rign. 
dor 

Ex. (1.) If the equation to a curve be y=-v ir^-fcor*; 

flliow that the origin is a point of osculaticm, ascertain if 
there be any maximum ordinate, and determine the general 

« 

form of the curve. 

It is obvious that, by giving x successive positive values 

from to 00 , y will have successive positive and negative 

values from to qo, consequently there are two similar 

branches extending from the origin to infinity^ one branch 

on each side of the axis of x to the right of the axis of y. 

__ dy 1 5a^-^^c(ifi x 5a?H-4<? . , _ 

Now -^ = - . — ■ = — . =0 when a?=0, 

dx a 2vir^-f-car* 2a vs-^c 

dy 
and •.• when a?=0, y also =0, and -j- has 

dx 

two values, one positive and the other ne- 
gative, each =0, therefore the axis of ^ is 
a common tangent to the two infinite branches at the origin ; 
hence the origin is a point of osculation. 

^ 

Again v y= — v^-hc; when a? =•—<?, y = 0, and while 

d 

X takes successive negative values from to — c, y will take 

successive positive and negative values from to a^ixi^ 

K 2 
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and therefore to the left of the axis of y there is a loop or 
nodus. 

And V -^== — * =0j .•.Oir+icrrO, anda?= c 

dx 2a vx + c 5 

determines the position of the maximum double ordinate ; 

dv 
and V •j-=tan6=oo whenir=— c, the tangent at this point 

CbX 

intersects the axis of x at right-angles. 

Take AB = c, and draw the tangent TBtX.ABy take 

AN^^-zCf and draw the double ordinate F^p=. — (~j > 

4 
which is the value of 2y corresponding to d?=---^c ; the 

loop will pass through A, F, B, p, 

w X 

(2.) Trace the curve, whose equation isy=— ^(azh^p) j 

V a 

and show that there is an oval between a?=0 and a?=a ; de- 
termine the position of the maximum double ordinate, and 
exhibit the form of the exterior branch. 

Firstly, y=— /=(a— 0?)= w aw x -=.• 

Let a?=0, .-. y=0, "1 Take AB=^a, "A 

x<a, y is ±, Then, •/ while 

a?=:a, y=0, >- X increases 

x>a, y is impossible. from to a, y has positive 

Putting — arforo?, y is impossible. J and negative values from 

to again, .'. there is 
a TnaTnnmTn ordinate somewhere between A and B, and AB 
is the axis, of an oval. 

3 * 

"^X y 

^^ dy /- I 2 va 3 /- 

Now — = Va 7= 7== — 7= 7= va?=0, 

ijJr 2va? va 2va? 2va 
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.". — 7== — 7=r» 3d?=a, .•. 5?=- denotes the point where 
V^ Va 3 

the maxmmm double ordinate cuts the axis of or.x 
Secondly, y=— ^ (a+a?). 



Let 4?=0, /. y=0, 
d?<a, yis±, 

a7>a, yis±, 
a?=QO, y=oo, 
Putting —a? for a?, y is impossible. 



Draw^P=:2a. Then, 
•.• while X increases from 
to infinity, y has posi- 
tive and negative values 
from to infinity ; there 
is a branch above aad 
below the axis of x exte- 
rior to the oval. 

No curve exists to the left of the origin. 

(3.) y^{cfi'\-a?)=iofi{a^—aF) is the equation to a curve; 
trace it, determine the angles at which it cuts the axis of Xy 
and find its maximum ordinate. 






-^ 



If ip=0, then y=0 Put —a? for a?, then 

x<a, y is possible ±: if a?=0, y=0 

x^=a^ y=0 x<ay y is possible ip 

d?>a, y is impossible. ir=a, y=0 

a?>a, y is impossible. 

Take AB:=za, Ah^—a, in the axis of a?, and the curve 
will pass through the points A, JB, h. 

And •.• when x>a, y is impossible, the curve cannot 
extend beyond B, h, 

Now2y^=a:2.V (^^J), ^^+5q:^-2^- 
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<fy__— aV~ar^— aVH-a^H-<>^^a?— a:^ 



dx 







• <^y^l {a^-^-ot?)^ x(a^-'2a^x^^x^) _ a^^2a^:$^—a^ 
and putting a?=0 and ia in this expression, we have 



_dy_ 



tan6 = -^ = 



a^ 



a 



= =±l = tan45°ortanl35°. 



^ (a2)4(a2)* a^.a 

— 2a4 

= ^r — = 00 =tan 90° 

(2a2)t(0) 

.'. the two tangents at the point A are inclined to the 
axis of or at Z s=45° and 135° respectively, and the tangents 
at JB and b are X to the axis of x : .'. the point ^ is a 
double point. 

dy a^—2a^a?—3i^ 



i^—a^ 



•=o, 



' + X^ 

:. a^^2a^x^-'X*=0, 



a max. 



" dx (a2-.ir2)*(a2+^* 

ar*+2a2^+a4=2a^ x^'ha^z:za^\/2, a?=±a\/\/2-l. 
Hence the greatest ordinate cuts the axis of x at points 

denoted by x = a\/ y/2—1 and --a\/ y/2—l, aiid the 
length of this ordinate may be ascertained by substituting 
these values of a? in the equation to the curve. Thus 

^ x/2.a2 
=a\/-/2-l.\/vl-l=a (^2-1) 
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C?X 



(4.) K y=-^j — -jy show that there are points of contrary 

flexure when iF=0 and av3, that the curve cuts the axis 
of ^ at an angle of 45°^ that the axis of ^ is an asymptote to 
the two infinite branches, and that there are maximum or- 
dinates when 4?= -\-a and — a. 

Let ir=0, .'. y=0 Put —a: for a?, then y=-n s* 



x<a, y is + Let a?=0, .'. y=0 

a 
2 



a 
a=:a, y=- a?< a, y is — 



a?>a, yis+ a?=a, y=--o 

^=<»> y=0. ir>a, y is — 

a;=oo, y=:0. 

Take AB^ria, Ah=—a, and draw 



the ordinates J?©, 6^, equal to -and— — - 







respectively, the curve wiU pass 
through the points -4, Q, ^„ its right- 
hand branch being above the ^ds of x, and its left-hand 
branch below it, the two branches meeting that axis again 
only at an infinite distance fix)m the origin A . /. the axis 
of a? is an asymptote to the two infinite branches.* 

^ dy J^a^-\'X^a^^a^X'2x _ a^{a^-'X^ 
dx" (a^^-oPf. "■ {c?^x^f ' 

d^y_ {a^+cfi)^'{-2a^x)-'a^{a^-'a?)'2(a^+x^'2x 
Substituting a \/3— A) a^/S-f A respectively for x^^^Vcss^ 
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^V_ 2a2(a v^-A) {(g V^3~A)2-3ag} 

_ -2a2A(a^/3-A) {2a ^-h) 
"" {aH(av^3-A)2}''^ 

which is 726^a^i;ey since h<a v3 ; 

J2y 2a2A(av^+A)(2av/3+A) ^. , . 

— = 7 i=r' rs * which IS poswwe. 

Hence d?=a v3 indicates a point of contrary flexure ; and, 

substituting this value of a ip. the given equation, we have 

/— f— 

y=— 5 — . Take AN^zas/Z. and draw NP=. — j—j when 
4 4 

P will be a point of contrary flexure. 

Also substituting O—A, 0-\-h respectively for x, 

d^^_ -2a^h{h^-3a^) d^y_ 2a%(h^-Sa^ 

one positive, the other negcetive. .*. the origin A is also a 
point of contrary flexure. 

d^y 
Hence also, y being positive and -j^ to the leffc of HTP 

dor 

negative, the curve from ^4 to P is concave to the axis of ar, 

and consequently beyond P it is convex. 

Again % aa a: increases y at first increases aad afterwards 

decreases, having various finite values between its primary 

value and its ultimate value 0, there will be a maximum 

ordinate somewhere on each side of the origin. 

But when a?=di«, y=din* Draw BQ=z-i it will be a 
maximum ordinate. 
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By substituting for j? in ^ we have 



a^ 



tan^=—7=l=stan45°. /. the curve cuts the axis of a? at 
the origin ^i at an Z of 45°. 

(5.) Ify=a?. A^-^—— ; show that the branches of the 

curve pass through the origin, and are contained between 
two asymptotes perpendicular to the axis of x. 
Let ar=0, /. y=0 Put — x for Xy then 

x<a, y is possible di if a?=0, y=0 

ar=a, y=QO ir<a, yis:+: 

iF>a, y is impossible. iP=a, y= — oo 

a? >a, y is impossible. 
Take AB=zay Ab=='-a; then, since at the 
origin A the ordinate is 0, and then as ^ in- 
creases the ordinates increase until x=:a, when a*- 
an infinite ordinate passes through £; and, 
since the values of y are both positive and ne- 
gative, a branch extends on each side of the axis of x. 

Also, since when x is negative, the ordinates take values 
exactly corresponding to those when x is positive, the curve 
has similar branches to the left of the origin. 

\ . dy a^+2a^x^—x* 

Again — = — j : and, putting a?=0 and 

dx {a^ — x^^ (aP -f- a^^ 

dxi 
±a in this expression, we have tanO=-j^=dil and oo . 

.'. tan = 1 = tan 45° tan 0= — 1 = tan 135% tan = oo 
=tan90^ 

Hence a tangent to the curve cuts the axis of or in the 
origin A at an angle of 45% another through the 8&ixv<& ^\s^ 
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at an angle of 135^ : and at ^ a tangent to the curve is JL 
the axis of x, and is coincident with the infinite ordinate. 
This tangent is consequently an asymptote; the branches of 
the curve do not extend beyond it, and they are convex to 
the axis of x. 

(6.) K (y— 6)2= (a?— a)*; show that there is a ceratoid 
cusp when ^=a; and that the tangent at that point is pa- 
rallel to the axis of x. 

If a?=a, y= J. Take AJB=a, £F=zb, then F is the point. 

Nowy-6=±(a?~a)4, /. ^=±|(a?-a)*=0 

when a?=a ; .*. tan6=0, and the tangent to the curve at 
the point denoted by a?=a is || to the axis of x. 

Again t4= '^~r (or— a)*=0 when x==a ; 



<a. 



and, putting a-^-h, a—h successively for a?. 



/72 1 K 

-~=±-7-VX which has two values, one +, another — . 
dor 4 

g=±^v^wHch is imaginary: 

dv d v 

and since if a:= a, -f-=^f ^~^^ andifa:=a— A, they are 
both impossible .'. the curve cannot extend y 
to the left of P : also v i£x=za+h, ^ has 

two values, one positive and the other negative, -• at the 

point F there is a cusp of the first species. 

a02 
(7.) Show that the curve, whose equation is ^=^5 — t' l^^^ 

a point of inflection when r=-^> and rectilinear and circular 
asjrmptotea. 
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V r—a 



r—a—r 




"^^ 2 ,\/ ^ 2r*(r-a)*" dr r{f^-f)^' 

1 4(r — aY-^a^r ari 

3 4 /T-y v5 5- 4 12(r~a)2 + «2 

— ar« V 4 (r — a r H- a-^j — arsi • — ^ 
dp_ 2 2v^4(r-a)g+aV 

rfr"" 4(r--a)^H-aV "" 

A 3 {4(r-a)8+aV}-12r(r-a)2-aV=0, 
o 13a o 3a 

3 
Hence there is a point of contrary flexure, when r=- a. 

1 02_1 

Again — = 3- • Let r become infinitely great, then 

^ r a(r ■ 

i=— =0, .-. ©2_1=0, 0=±1. 

r CO 

do a ^dd ari _a/ r \1 



„ao_ ars _ — «/ ^ \t . 



ir 2r*(r-a)* <ir 2(r-a)i 

and, when r becomes infinitely great, 



r 1 1 _J_. 



r—a 1^1 ^ 1— -0 

r 00 

.-. Subtangent/S'7^=r2^=iF^: 
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and, since ST remains finite while SF is infinite, a tangent 
may be drawn which will touch the curve at a point infi- 
nitely* distant from the origin ; this tangent is therefore a 
rectilinear asymptote : and *.* and ST have each two 
vahies, .'. there are two rectilinear asymptotes. 

1 62_1 (92_1 1 

Again, let r:*«, ".-=-^55-' ^=-^^'^--^' 

:, ■22= 0, /. 0=QO when r=^a. 

Also 6= a/ > which is impossible when r< a. 

Hence v f=a makes 9 infinite, and r<a makes (9 im- 
possible, there is lUi asymptotic Q, radius =a, within the 
curve. 

In the logarithmic and many other spirals the curve makes 
an infinite number of revolutions about the pole before 
reaching it ; hence the pole may, in such instances, be con- 
sidered as an indefinitely small asymptotic circle, that is, an 
asymptotic circle whose radius =0. 

The equation to the logarithmic spiral is r=a', or r=a«*^, 

or r-ss-eef^) r increasing in a geometric ratio, while 6 increases 
in an arithmetic ratio ; the radii including equal angles are 
proportional. Its evolute and involute are similar to the 
original spiral 

(8.) Trace the curve whose equation is r=a (2 cos 6 ±1). 
Let 0=0, .'.r=a(2-hl)=3a, 

0=30^, r^^a ( \/3 -H l),whichis< 3a, 
0=60, r=a (l-|-l)=2a, 
^=90, r=a(0 + l)=a. 
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Let(?=120, ;.cos0=— cos60=— -> r=a(— 1h-1)=0, 

e=150, cose=— cos30= g-' /-=«(— v3 + IX 

whicli is < a, 

e=180, 0080= — 1, r=a(— 2 + 1)=— a, 

-/S A- 

0=s21O, cos«=~cos30= — ^, rsaC-^v^H-l), 

which is <— a, 

6=240, 0080= — cos60= — -> r=0, 

1=270, cosO=0, r=a (0 + l)=a, 

a=300, co80=cos6O, r=a (1 + l)=2a, 

0=330, 0086=00830, r=a (\/3 + l), 

which is >2a, 

e=360, 0080=1, r=a (2 + l)=3a. 

DiTide the ©** of a © into 12 equal parts, and draw 
radii through the points of division. Take ui^=3«, AF^ 

Ap each =a(A/3-|-l), AC, AK each =2a, AD, AH each 

Take^J^', ^6?'each=a(-\/3 + l),aiid^^'=-a. These 
three, being negative values of r, must be measured in an 
exactly opposite direction, as AE, AF, AG, 

The curve, which is the trisectrix, will pass through the 
points B, F, 0, 2), A, JI,K,p'j and the interior oval wiU pass 
through A, JS, F, G. 

Taking r=a(2cos0— 1), a precisely similar curve is pro- 
duced, but turned the contrary way. 

Taking -^ d for S, the same curve is produced, 
V 2cos(— 0)=2co80. 




112 BXKGULAB PonnBy 

(9.) Show that the curve, whose equation is {y^-k-aP)^ 
=4a^^y^, has a quadruple point at the origin, and that 
there are four loops or ovals; namely, one in each 
quadrant. 

Let the equation be transformed into one under polar co- 
ordinates, putting ^=r cos 0, y=:rsm0. 

(r2sin2a+r2coB2e)«=4a?r2sm2dr2cos20, f^=4t<^r^wi?dcoa% 

r2=4a^sin20cos?0, r=2asin0cos0. /. r=asin20 

1st quad. If 0=0, r=0. By put- 

0=15-, r=asin30=^, *^« ""/ 

2 for the 

^ «rv . /.rv v^ curve is 

0=30, r=asm60=-2r-a, , 

2 reproduced. 

0=45, r=a sin90=a. Take the several 

^/3 values of r at the 

0=60, r=asinl20=-s"a, ,. 

2 ' corresponding 

0=75, r=a sinl50=t "^^^ 

2 In the second 

0=90, r=asinl80=0, and fourth quad- 

« 1 , y» 1/xer . «i/x « rants, the values 

2nd quad. 0=105, r=asm210=— ^> ^ , . 

ifi of r, bemg nega- 

3rd quad. 0=195, r=a sm390=|, ^^^ ^"f* ^ 

^ measured in op- 

4tli quad. 0=285, r=a aixi670= _ §. I^*« directions. 

^ Hence, there 

will be an oval whose axis =a in each quadrant : and the 

origin is a quadruple point. 

(10.) If r=atan0, show that the asymptotic subtangent 
is a, and that the curve is included between vertical asymp- 
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Let(J=0, .•.r=0, Let 6=ir+45, /.rrza, 

0=^, r=QO, 0=y+45, r=— a, 

0=135, r=:-a, 6=27r, r=0. 

0=7r, r=0. 

Take therefore SB=za at an angle of 45^ with the axis 
of s^ the curve will pass from the origin S through JB to 
infinity. 

jLad \* those lines are said to be || which coincide only 
it an infoiite distance, and *.* the asymptote will ultimately 
coincide with the curve and consequently with SF when 
both are infinite, /. the asymptote must be drawn || SP. 

There are similar branches in all the four quadrants. 

-Kx ^^ /t . o«\ ^^ 1 

•Now -77=a(l4.tan'^0), ---=—-- — - — jp—, 

do ^ ' dr a(l+ta^6) 

« de «2tan2a tan^e ^ . « 'r 

r2.--=— 7- — - — oTa=« — o7;=^' =^> when 0=^- 
dr a(lH-tan20) sec^^ oo ' 2 

/• STzz:r^—=a, the asymptotic subtangent. 

Take ST=:a, and draw TF, || SF ; TF, produced is the 
asymptote. Hence, this curve is included between vertical 
asjrmptotes. 

(11.) d?=:a(l— -oos6), y=a0 are equations to the curve 
called the companion to the cycloid; find the points of 
contrary flexure. 

Let jBJDQ be the generating circle, centre 0, vertex D, 
radius =a, I)M==:a, MFz=z^, lDOQ^B. 

l2 
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Let e=0, .'.iPssO, y=0, 



A^ 



«=r 



a?=a, y=2«, 






^=^<^+^^M which 



increase 
increases. 




w 



Let a=^> 6=x, .•.cos6=— 1, — cos0=l, 

iP=a(l + l)=2a, y=7ra. 

Putting —6 for 0, a siinilar curve is produced on the 
other side of the axis of a. 



Now ^=. 



a 






dx {2(za:—aP)^ 



— ^^ ^=0, if^=a. 



2aa:— a;2 

Substituting a+A, a— A respectively for x in this expres- 
sion, we have 

rfV_ -a{a-(a+^)} _«(_A) 

-7-7; = = ^^ 9 wmcn is positive. 

rf^ {2a(a+A)-(a+A)2}i (a2-A2)* ^ 



— -oA 



J2y — a{a— (a— A)} 

rf^'"{2a(a-A)-(a-A)2}*~(a2-A2)t 



, which is negative; 



/. there is a poiut of contrary flexure when ^=a, y=^a. 

DO=ia, Take OIi = -a, Or^ — -^a, each = arc i>9?. 

A4=xa=arci>$^; the curve will pass through jD, J?, ^, 
and -^ /• wiU be the points of contrary flexure. 
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Q2.) Sliowihatthecurvey^+2oa?y2— aaj?=0 hajs a triple 
>oint at the origin, and determine the position of th^ 
umgents. 

4:^/?+2a(a?.2yjp+y2)— 3flk»2=0, where jp=^; 
(4y* + 4 aery)/? = 3 (w^ — 2 ay2, 

:. there may be a multiple point. 
Differentiating numerator and denominator, 

»=r^r-o 3 ^^--3 — =7^' if a:=0 and v =0. 

•'^ 12 y^p-^-^taap-]- 4: ay 

Differentiating as before, 

6a— 4ay^— 4ap2 * <^V_ 

^^24r5rp2^12j/2^ + 4air2'H-4apH-4a/?' ^"'^' 

6a--4ap2 3-2jp2 ^ a ^ n 

«= — - — £—r=z — -— £— if a?=0 andy=0. 

^ oap Alp 

.-. 4;?2-.3_2jt?2, .•./?=± 



>/2 
^8^ ^- 4y»+4aar5^ - 4y» ' "* "" "' 

the origin is a triple point; and v tand=— =-{ 



due V2 
and=--Landalso=oo, .-. the tangents cut the axis 

at / s=rtan"^ (~7=) *^^ tan~^ f p=:], and at right-angles. 

* These repeated differentiations are sometimes tedious : they may, 

however, in such cases as this, be simplified by considering jp constant, 

as no error will arise from that assumption. Thus, instead of this 

equation, we should haye had, by considering p in the previous one 

6a — 4ap' , 1 . 

constant, Jj^rr — « — ^ — ^—. — i wnence p= i:— 7=. «a %fctt^^. 
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(13.) In the diameter AB of a circle take a point C, d^jiw 
a chord AP and an ordinate PiT, and CQ parallel to AF, 
meeting PiT in Q : trace the curve which is the locus of Q, 
AB=a, AC^h, AN^of, I^Q^zzy. 

irP= v^oa? — a^, equation to ©, 

CJSr : AN :: NQ : NP, or 

x—h : d? :: y : Vaa^a^f 
:, d?y=(a?— ft) \/a^ ~ a^, :. y=:(pp — b) a/ is 

the equation to the curve which is the locus of Q. 

Let y=0, /. a:=ft and =a; let x>a, y is impossible. 
y has finite values positive and negative when x>h and <a. 

Hence the curve will pass through (7, Q, B, and form an 
oval. 

By the question no part of the curve can be to the left of G, 

(14.) A rod PQ passes through a fixed point A ; find the 
equation to the curve described by P when Q moves in the 
circumference of a circle of given radius^ and trace the curve. 

P§=i?= length of rod, diameter 
of O BQ=zay AB=zb, qp position of »( 
rod when Q has moved along the 
arc Qq, AN=:x, Nqzzzy; theiiNq^=BN'NQ. Euc. iiL 3^. 

y2=z{x-'b)'{a-\-h—x)={x—l) (c—a?), if c=a-f-ft, 

= — a?2 H- (ft + c) 47— ftr. 

lei Aq=:r, ^A::^Of .'. y=rsin0, x=:rcoad, 

f^ sin26= — r^ cos20-)- (ft 4-<;) r oosd— ftc, 
r^— (ft+c) cos0«r=— ftc, 

;. r=^ {(ftH-c)cosO± '/(ftH-c)2cos2<^— 4ftc} • 

And V Ap^=zqp-^Aq=.R^r, by giving successive values 
to Bj and taking the corresponding values of r, the curve> 
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which is the locus of F, will be traced. If BB be the posi- 
tion of the rod when Q has described a ^Q, FI)-=.BQ. 
Hence the curve is an oval, whose axis PD=:ou 

(15.) The equation to the spiral of Archimedes is r=a6 ; 
trace the curve, and show that the origin is a point of con- 
trary flexure. 
Let 0=0, /. r=0, 

.=a(-7854), 



0=45, r^=a* 



0=7r, 
e=27r, 

e=oo. 



r=a' 



4 
3-1416 



2 :=a (1-5708), \ 
r=a(3-1416), \ 

r=a(4-7124), 

r=a (6 -2832), 

r=oo. 




Take the angles, and draw the corresponding lines for the 
values of r, and the curve may be traced. 

Put •— for 6, and the values of r, being negative, must 
be measured in a directly contrary direction. 



Now 0=-* 
a 

:. P =1. 



m 1 

<2r <r 



But — =— =4=. 






/^ 






/>=• 



r2 



2r 



^ dp 2v/^T^ _ 2r(aH^)-^ 

= 2_3=y Z — =0, when r=0 or 0=0; 

(a2+r2)* (a2+r2)i 
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and -f- clianges sign immediately before and ai^r the 

origin. 

.". the origin is a point of contrary flexure. 

In the figure, if r commences its revolution above the 
axis of a; in the first quadrant, the branch of the spiral 
ABC BE F will be generated. If negative values be given 
to 0, and T be measured in a directly opposite direction, the 
branch represented by the dotted line will be traoed ; and 
we shall have the double spiral If r commences its revolu- 
tion upwards in the second quadrant, two branches will be 
generated, similar to the others, but turned in a contrary 
direction, and intersecting them in the horizontal and ver- 
tical axes. 

This spiral was invented by Conon : but Archimedes dis- 
covered its principal properties. 

If a fly were to move uniformly from the nave of a wheel 
along one of the spokes whilst the wheel revolved uniformly 
about a fixed axis, the fly would describe this spiraL 

Teeth of this form are applied in the construction of 
engines in which uniform motion in a given direction is 
required. 

(16.) Two points start from the opposite extremities of 
the diameter of a circle, and move with uniform velocity in 
the same direction round the circumference, their velocities 
are in the ratio of 2 : 1. Determine the locus of the bisec- 
tion of the chords which join the positions of the two points, 
and find the polar subtangent of the curve. 

Let the diameter AB:=z2a, and A be the 
position of the point which moves with a 
velocity equal to double that of the point 
at B. Now when this latter point has made 
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lialf a revolation, the former will liave made a complete 
I revolution, and consequently the two points will coincide 
at A, Again, the motions continuing, if we take any arc 
AO, and bisect it in D, C will be a position of the point 
which started from A, and D the corresponding position 
of the point which started from B. Draw the chord CD, 
[I bisect it in P, and join OF, OC, OD. 

Let be the pole, OF the radius vector =r, Z AOF=d, 

then JP(?-D=x-» -pr^=.Qo^ FOD, or-=cos-0, the equation 
3 OD a 3 

to the locus of F, 

To find the polar subtangent, 

If . l^dB I 

cos-6=-> — sm-0»^-=-^ 

o a o dr a 

dd^ 1 ^ 1 ^^ \ , 

dr . 1 ^ 7 1 7 ^' 
osm^a aA/l-cos2-6 « A/ 1 g 

/. r^ — = - =the polar subtangent. 

dr wc?-^ 

To trace the curve, r=a cos ^ 6. 

Put 6=0, then cosO = l, r^='a, 

_ v/3 + 1 -/3 + I 
6=45, cosl5= 7=-> r=a 7=-* 

«^ -^ v/3 

6=90, cos30=-y-' *'=^"2"' 

1 a 

6=135, cos45=-7=> r=a— 7=» 

6=180, cos60=2> * r=^> 
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9=225, then 


„, v^-^ ^-1- 


8=270, 


co890=0, r-0, 


6=315, 


■/3-1 ■/3-1 
2/2 2^ 


0=360, 


oosl20=— ^j *■— ~2' 


9=405, 




6=450, 


-'— ^' '=-"# 


6=495, 


2'/2 2v^ 



fl=540, cosl80=— 1, r=— a. 

The negative values of r, which are 
measured in an opposite direction, are 
distinguished in the figure hy dotted 




By giving negative values to 6 the 
same curve would be produced, but 
turned in a contra.ij direction. 

(17.) If a^j/=3 feff*— 3^ ; show that there is a point c 

26* 
contrary flexure when a;=i, and y= -^ • 



(19.) If !«♦— («— o)y*=0 be the equation to a c 
show that there is a point of contrary flexure when x^ 
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(20.) 1£ y=sasff-{'bs^''Cafi ; show that there is a point of 
inflexion when iP=^> and ^=^7-0 (9ac+2i2j^ 

(21.) Ify = {r+ (a? — a)2(ip — J)*; show that there is a 

doable point when a?=a, and y=e, 

a? 
(22.) If y=-5(a2— ar^) j show that there are points of 

inflexion when d?= db--7=> ^= — • 

(23.) Ify= > y=a?( ) » ^=7 — ^t-/ — S: 

be three equations having no mutual relation, and so becomes 
infinitely great in each ; prove that in (1) y = 00 , and -p= 00 , 

in (2) y=oo , and ^=1, and in (3) y=0, and j^=0. 

(24.) If ^(o^— a2)=a?*; show that the equations to the 
asymptotes are y=+ir, y=— a?, and that the curve lies 
above the asymptote : also show that the curve has two 
branches touching the axis of x at the origin, both being in 
a plane perpendicular to the plane of the paper, between 
two asymptotes which cut the axis of x at right-angles 
when ir= +a, a?= —a ; show that beyond these asymptotes 
the curve is in the plane of reference, and approaches nearest 

to the axis of x when d?=a v2, again receding towards the 

Asymptotes whose equations are y:^-±.x, and intersecting 

them at 00 in a point of inflexion. 

(25.) If 5/*-|-d;^--2ew;2:— Q . show that the equation to the 

2a 
asymptote is y:=— ar-f— > that at the origin there is a cusp 

of the first species^ the two branches being above the axis 
of d; and concave to it, that the curve crait^ tli^ ^s6& ^1 x ^^^ 
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right-angles at a point denoted by a^2a, where there is a 
point of inflexion, beyond which it approaches the asymp- 

2a 
tote whose equation is y = — a?+-5- ; show also that there is a 

o 

maxJTnuni ordinate whose length is -j-* v4, when a?=---. 

o o 

d 2aV 

(26.) If r=:—j=z> show that y>= . » and that 

there is a point of inflection when r=a v2, the curve being 

concave towards the pole when r is less than av2, and con- 

vex towards it when r is greater than a v2. 

(27.) y=a-|-a*(a?— a)J; determine the nature and posi- 
tion of the cusp. 

(28.) y^=-2 — -^ being the equation to a curve referred 

to rectangular co-ordinates j *show that the equation between 
polar co-ordinates isr=atan0; and that the equation be- 
tween the radius vector and the perpendicular from the pole 

upon the tangent is jp="~7====^==^ > show also how the 

branches of the curve are situated with regard to the plane 
of reference. 

(29.) If 6= > show that a line drawn parallel to the 

prime radius or axis, at the distance a above it, is an 
asymptote to the curve^ that, when is -h, the curve has 
an interior asymptotic circle, and when 6 is ~, it has an 
exterior asymptotic circle. Trace the curve, and show that 
the rectilinear asymptote is a tangent to the asymptotic 
circle. 

(30.) The equation to the Gardioid is r=:a (l-|-oo60); 
trace the curve. 
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f31.) If r=a- — : — -j trace the curve, and show that 

there is an asymptotic circle, radius = a, and that the curve, 
coming from infinity, continually approaches the convex 
drcumferenoe of the asymptotic circle on one side of the 
diameter, and the concave circumference on the other side 
of the diameter. 

(32.) The equation to a curve being - = A/ --^ 7^ * 

fiihow that it has asymptotes, at right-angles to the axis of x, 
at points denoted by d?= -fa, d?= —a, and other asymptotes 
catting the axis of x at 45°, and 135% respectively ; that 

there are minimum ordinates when d?= •±.a\/ y^-\- 1. De- 
termine the value of these ordinates, and show the position 
and direction of the branches of this curve. 

(33.) y=ad: (od?— a^^; determine the nature and posi- 
tion of the singular point. 

(34.) a^y2^fl2y2__^4— .Q ig the equation to a curve ; show 
that its asymptote coincides with the axis of x, and that 
there are points of inflexion above that axis at distances 

/2 /2 

equal to + a A/ -^j and — a A/ ^ from it, and at dis- 
tances equal -| — y=z and y=i from the origin of co-ordi- 
nates. 

(35.) If a^—y^z=a^ I show that the curve cuts the axis 
of X at right-angles, at the distance a from the origin, that 
at each of these points there is an inflexion, the part of the 
curve between them being concave to the axis, the part to 
the left of the origin being convex, and the part to the right 
of the point denoted by x=a, concave. 
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(36.) If (a?— fl)*=(y— ir)2; show that the common tangent 
to the two branches of the curve is inclined to the axis of x 
at an angle of 45^, that the curve cannot extend to the left 
of the point denoted hj xsza, and that, at the distance a 
above that point, there is a cusp of the first species. 

(37.) K y= a/ — r — be the equatipn to a curve; 

e* 

show that there is a point of inflexion at the distance — r 

above the origin, and another in the axis of x, at the dis- 

c* 
tance — from the origin. 

, X , 
(38.) y=csin— is the equation to the curve of sines; 

show that, at all the intersections of this curve with the 
axis of a, there are points of contrary flexure. 

(39.) y2 _-^2 ^ ^ v2a^ — a^ being the equation to a curve ; 
show that its branches intersect the axis of x at angles 

1 ^ 

=tan~^±:— 7= and tan~^±v2, that there are four double 

points in the axes of co-ordinates, at the distance a from the 
origin, and that the branches form two intersecting ovals. 

(40.) If r^=a^sin20 ; show that there is an oval in each 
of the first and third quadrants, and that no curve exists in 
either the second or fourth quadrants. 

(41.) If the equation to a curve be o^-fy^— 2va^=0; 
show that the axes are tangents, that p=0 and oo, and 
that the origin is a double point 

(42.) If tan3e= — -> and tan0=— ^ define a curve; 



TRACING OF CXTBTES. 125 

show that it has a inaximum ordinate at the point denoted 
"by ^=a f 1 ^ j , and trace the curve. 

(43.) Trace the curve, whose equation is 2af/^-\-3a^t/^ 
+ 2a2d;2=a^-|-a?*, and determine the different angles at which 
it cuts the axis of a. 

(44.) Transform the equation {a^x)y^=^a? from rectan- 
golar to polar co-ordinates, and trace the curve. 

(45.) Trace the curve, whose equation is j^—hy^—acfi 
=:0, and determine whether it has a point of contrary 
flexure. 

(46.) Prove that, in the logarithmic spiral, the equation 
to which is r=-a^^^y the tangent constantly makes the same 
angle with the radius vector. 

(47.) Trace the curve, whose equation is ^= > and 

or a — o! 

ascertain the angles at which it cuts the axis of ^. 

(48.) K the hour and minute hands of a watch were of 
equal length, and an elastic thread, so extensible as not to 
impede their motions, were attached to the extremity of 
each index, the thread representing a straight line of va- 
riable length, fix)m to the diameter of the dial-plate; 
determine the polar equation to the curte which would be 
described by the middle point of the thread, and trace that 
curva 

(49.) K perpendiculars be drawn to the diameter of a 
circle, and from each of them a part be taken, measured 
from the diameter, equal to half the sine of twice the arc 
which it cuts o£^ the arc being measured from the same ex- 
tremity of the diameter; show that the eo^tiV^Ti'^^^^sQiss^ 

X 2 
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paasing through the points thus determined is a lemnisoata^ 
whose equation is y=:— v^a^— d;^^ and trace the curve. 

(50.) Ky= ^ .' +5; there is an isolated point, de- 

a* 

termine its position, and exhibit the form of the curve. 

(51.) Ina^Iogd?— a;2y+y=0, show that the origin is a 
point d'arr^t; and in y-fy«"*— ir=0 a point saillant, the 
branch corresponding to the negative values of x starting at 
an angle whose tangent is 225^ 

(52.) Transform (a^-f ^^=a2y4 to an equation between 
polar co-ordinates, show that the pole is a quadruple point, 
and exhibit the form of the curve.. 

(53.) Show that the curve, the equation to which is 
ay'^^=.{x—d)^ {a—h)f has a singular point when x=^a, a con- 
jugate point if 5 is greater than a, and a double point if a 
is greater than h. 

(54.) ACB is a semicircle whose diameter is AB; draw an 
ordinate 1^0 and a chord AG, then JTP being taken in the 
ordinate, always equal to the difference between the chord 
and the corresponding abscissa, show that the locus of ^ is a 
parabola, and that there is a maximum ordinate when the 
abscissa and corresponding ordinate are equal 

(55.) Show that the curve, whose equation is ^=-7 — -5' 

has three points of inflexion ; and that, when ^=: vab, the 
tangent is parallel to the axis of x. 

(56,) K r=a6" j show that there are points of contrary 

n 

flexure when r=0, and r=a (— n^— «)2 j and that this equa- 
tion comprehends those of the spiral of Ardumedes, the 
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lituus, the hyperbolic or reciprocal spirsd, and an infinite 
number of spirals. 

(57,) Show how the trisectrix, the equation to which is 
r=a (2cos0— 1), may be used to trisect an arc or angle; and 
explain the difference between the generation of this curve 
and that of the cardioid. 

(58.) Prove that the angle at which the logarithmic or 
.equiangular spiral, whose equation is r=a^, cuts the radius, 
is oonstant, and that the radii which include equal angles 
are proportional 

(59.) If d? = a (0 — « sin0), and y = a (1 — « cos6) define 
the trochoid ; show that, at a point of contrary flexure, 

^ a 

(60.) A circle, which continues constantly in the same 
plane, rolls, like a carriage wheel, along a fixed horizontal 
line j the curve described by a point in the circumference is 

the myeloid. Find the equations — = \-^ — j , and 

if if 

das V a / 

(61.) Ascertain the loci of the transcendental equations 

(1) y^^a? -\- coso? V — 1, 

(2) y = a^± v'l — asec^^r. 

(62.) Show that, in curves referred to polar co-ordinates^ 

ds f^ 
8 being the length of the spiral, -7--= — • Investigate the 

do p 

eqxiation between r and B when »^=— :: l» and between 

p and r when r=a sinn6. 

(63.) If a, and 5, be two conjugate diameters of oa elli?;^^ 
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^ tlie angle they make with each other, and — ^ — | — 75— =-5 

the polar equation to the ellipse referred to the centre; 
prove that a2-f-A2=a2+ft2^ and a,^,=:a&co6ec^ 

(64.) Trace the curve, whose equation is aif^'=.Qfi — hs^y 
and determine the number and nature of its singular points.' 

(65.) Let BAC be a parabola, A the vertex, and BC the 
latus rectum ; in BO take M and N equidistant from B and (7, 
draw MB and NE perpendicular to BG^ to meet the curve 
in B and E^ draw CB cutting NE in -P. Determine the 
equation to the locus of P, and trace the curve. 

(66.) A straight line BAE^ at right-«ngles to the dia- 
meter AGB of a circle, moves, parallel to BAE, along the 
diameter, whilst a line which at first lies on the radius CAy 
revolves with a uniform angular motion about (7, intersecting 
the other moving line in P ; show that the equation to the 

curve traced out by P is y=(a— ir)-tan — ; that the curve, 

which is the quadratrix of Dinostratus, has an infinite 
number of infinite branches intersecting the axis of ^, and 
that the moving parallel is an asymptote to two infinite 
branches. Show also that, if this curve could be geometri- 
cally described, the ratio of the diameter of a circle to its 
circumference would be determined. 

(67.) A globe, whose radius is a— 5, vibrates in a hollow 
hemisphere, whose radius is a, in such a manner that a great 
circle of the globe coincides with a great circle of the hemi- 
sphere j determine the curve traced out by the highest point 
on the globe in one revolution, and exhibit the polar equar 
tion. 
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CHAPTER XY. 

CUBVATUKE OP CURVED LINES. RADIUS OP CURVATURE. 

EVOLUTES. 

Rectomgvla/r Co-ordi/nxUes. 

K the equation to the osculating circle, or circle of curva- 

dv 
ture, be i22=(d?— a)2-f (y— ^)2, and if j» be put for -~> and 

d^y 
a for — ^> R being considered paaUwe when the curve is 
(tor 

concave to the axis of x, and negative when the curve is 

convex; then 

2js= — ^ £_i>, y^B=. ^> d?— a= ^'O- 

a and fi, being the co-ordinates of the centre of the radius of 
curvature, are the co-ordinates of the evolute of the curve. 
If M=0 be the equation to the curve, 

/du\^ d^u du du d^u . [duy^ d^u 
1 \dy/ dai^ dx dy dxdy \dxl dy^ 

^'" ((du\^ /rfm2|» ' 

\\Txl '^Kd^)] 
The middle term of the numerator in this expression 
vanishes when the value of t« is the sum of two parts, one 
involving x and the other y. 

The distance from a point in the curve to the intersection 
of two consecutive normals is the radius of curvature at that 
point. 

The normal to the curve is the tan^nt '^ 'VTcl^ ^^^^Sfio^fe^. 
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Pda/r Co-ordmatea. 

li R he the radius of curvature as before, r tlie radius 
vector, Q the angle traced out hj r, and/? the perpendicular 
upon the tangent, 



df^\i 



R^r^^ 



("^s) 






dr 



fdf^ 
r 



iw^") 



The semi-chord =» -r-= ^-o" ,« 

"^P r2+2— -r — 
^ d^ d^ 

To find the equation to the eyolute to a spiral ; r and j9 
being taken as co-ordinates of the involute, r, and /?, as cor- 
responding co-ordinates of the evolute, we must eliminate 
R, r and p from the four equations 

dr 

Ex. (1.) To determine the radius of curvature at any 
point in the common parabola. 

y^z=.4tmx, the equation to the curve, 

dx '^ dx y 

^d'^y ^ 2m dy__ 2m 2m 4m^ 
da^ y^ dx y^ y t^ 

y^" y^ " y^ 

q f '4tm^ „i* 

Since this expression for the radius of curvature diminiaiies 
as or diminiahea, R is least when ^=0, and then R^2m 



EYOLUTES. 131 

= half the latus rectum ; hence in the parabola the point of 
greatest curvature is the vertex. 

(2.) The equation to the rectangular hyperbola, referred 
to its asymptotes is xy=.7n? ; find the radius of curvature. 

(3.) If the equation to a circle be aP—a{x^y)+y^^O ; 

find the radius of curvature. 

dt/ 
y^-i-ay=aa!^a^, {2y'^a)-^=:a'-2x, 

a—2x „ (a-'2xy 

■^^~ '^(a+2y)2- (a+2yy 

^ -2(a+2y)-2(a-2.).j. _ -^('^+^y>-^<'^-^)-I+2P 
^ («+2# («+2y)3 

. _ _ 2{{a+2yf+{a-2xf] 

J 2{(a+2y)2+(«-2«)2} 

__ {(a+2y)«+(a-2;By}* _ (2a'0* _ a 
— 2 ~ 2 ~2* 

(4.) Find the radius of curvature to the hjrperbohi, and 
determine the equation to its evolute. 
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y^=—2 (^— <*^> the equation to the curve, 
"^ dx a^ ^ dx a^y ^ al^y^ 

(l+.2)i='^^^!^Z:fl*, 
_d'^y _ j?y}?--}^x^a^p ^^^ "" ^^^^'^y __ aW^-- h*a^ 



Hence J2=- (l+J^')^ ^ (''''-^+^^-«¥ (^- «')^ 

g' a^(;i:2— a^)4 ah 

-j-V — ^=:radius of curvature. 

ab 

To find the equation to the evolute, 
_ {a?^+a2(€2~l)^--g^}(a:2-o2)i 

~ ab ~ }? ' 
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^^t-p-72-— 1^ ••(;;^-j7^— 1- 

/. (6)3)*-((ia)#=-(a«)*=-(a^e2)«=-(a?+i2)». 

/. (oa)*— (6/3)t=(a2^ J2^# the equation to the evolute. 
(d.) Show that, in the catenary, the radius is equal but 
opposite to the normal. 



a,? 



y=- (6«4-e «), the equation to the curve, 

X _« X _« 

l+f^=l + 4 = 4 =(—2-) =^ 

_rfgy_ 2aV _2j^ 
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But the normal F=y A / 1 +-rT,=y >/T+y=y •-= +~ . 

V oar da 

Hence the radius of curvature is equal but opposite to the 
nprmaL 

(6.) Determine the radius of curvature and the evolute 
of the cycloid. 

Let AF=:x, J^P=y, CJ)=i2a. 

y , a?+ ^2ay — y^ 

^=versm --^ ^ ^ 

a a 

dy w^tOr—y 



■f the equation to the curve. 



P 



dx 



*/y 



2 2« , 



1+J»^=— = 



dx^ y^ dx 




*~ dx^~ y2 



Hence R^-^l±fl^^\\t=i./U^, 

q \yl a 

Now CF^= CE^-^EF^z:^CE^+CE'EDz=iy^Jfy{^a''y\ 
:. CF=i A/2ay, .'. i?=2C^=radius of curvature. 

To find the equation to the evolute, 

H-»2 2a y^ ^ ^ 



^— a=— jp(y— i3)= — 



^ . 2y= -2 ^2ay--y\ 



/. a=a?+2v 2ay — ^. 

Substituting these values of a and /3 for the co-ordinates 
in the equation to the curve, we have 

/3 . cx-\/-2a/3-/32 
=versm —* 



a 



a 



(1) 
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TiEiking CA{=CD, and A^B^, parallel to AB, as the axis of 
the abscissae, and substituting /3,— 2a for /5, and xa— a, for a, 
ira being equal to -4(7; the origin will be transferred to -4„ 
and equation (1) will become 

I =versm (tt )» 

a \ a ) 

.•. — =versm-- ^- — ^-—> v 2— versil=vers{7r— -4). 

a a 

And V -4,iV,=a„ and iV^,P,=/3,, this equation to the evo- 
lute is the equation to another cycloid originating at^,, and 
whose generating circle is equal to that of the given cycloid, 
but moves in an opposite direction. 

(7.) Show that, in the common parabola, the chord of 
curvature through the focus is equal to four times the focal 
distance; and find the length of the evoliite in terms of 
the focal distance and the distance between the focus and 
vOTtex. 

Let the focal distance /S'P=r, the per^ 
pendicular from the focus upon the f* 
tangent, /S'r=/?, and J9/S'=2&i=2a=c. 

Then, by a property of the parabola^ ST^=:SF*SAy 

o cr c, <^P <^ dr 4:p 

or ^=-, .•.2i>^=^. ^=-> 

Chord =2p.^^=^=t'^=ir^iSF. . 
-^ dp c c 2 

Again, y^:=4:ax, the equation to the curve, 

dy 2a „ 4:a^ 

dx y ^ tr 
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Hence, length of e volute * = i? — c = ^A 

__^ 2(SPi^SAi) 

" SA^ 

The form of the evolute, which is ii semi-cubical parabola, 
is represented in the figure, by the lines evy ev^. 

(8.) Find the value of the radius vector in the spiral of 
Archimedes, when the radius of curvature equals the chord 
of curvature. 

rz=a6, the equation to the curve, 

-7-= a. But -rr= ^~« 

de de p 

P f F^ 
But -j=i^+a', :.p2=——, p=— _. 
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Now chord- gr^^-gr ^^^^^'^ - />^(^+^^ 



"W2r2 !:!_r2(^ + 2a2)' 

And, comparing this value of the chord with the value 
of the radius of curvature, already determined, it appears 

that radius = chord if (r^ + aP)i=: 2r{r^+ a^), or 

(r2+a2)*=2n r2+a2=4r2, Sr^=a^, /. r=-^. 

(9.) To find the radius of curvature in the semi-cubical 
parabola. 

2a^ 
v^=-:: — i the equation to the curve, 

oa 

^ dy 2a^ dy sc^ 

^ dx a ^ dx ay 

a^ __ a^y^+x^ _ 2aa^ + 3x* 

x^ 

J2y 2axy -^ax^ •p . ay 

^"^ dx^^ a^y^ a^y^ 

4^ 
_ 2aa?y^— a?^ _ 3 _ 4:x^ — 3x^ _ x^ 

"" ay "" ay ~ 3 ay ""Say 

XT ' 7> (1+J^* /2a^-f-3^\4 3ay 

q \ 3ay / X* 

{2a-{-3x)ixi 3aY __ {2a+3x)ix^ 

"" 3iay *"^~' 3*a 

N 2 
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(10.) Find the radiuB of curvature and chord of curvature 
in the cardioid. 

r=a (1 -i-cosd), the equation to the curve, 

1-. But ^=-.^=^. 

rwr^ — ^ 



dr . ^ de 

-7-=— a am 6, — -= — ■ . , 

dd dr asinO 



dr 



P _ 



1 



r _ 



1 



But V acosO=r— a, a^cos^dsrr^— 2 ar+a^, 



/. -^=2 Of, 



Hence 






rfjp v2ar 



„ dr 2x2ar 2 ,- — 
li-=^r* — = — ;t=z==-v 2ar. 

dp dv2ar 3 



Chord = 2/,.-=2;,.3^=2.3^.;,^=2^.^=-r. 

(11.) J£ H and i?, respectively represent the radii of cur- 
vature of an ellipse at the extremities of two conjugate dia- 



meters; show that Iii^\-R^iz=: 



a" 




b* 



h^ 




■f A/-0 



a^ 




Let Pj», Qq be two diameters, then if the 
tangent at Q be parallel to Pp, or if the tan- 
gent at P be parallel to Qq^ they will be con- 
jugate diameters. 

IjetCP=zr, iPCAy^Q, CQ=r,, 

(1) 2 log;t?=loga262-log (aH^^-^a), 

2 {^_ 2r 1 dp p 



lQGA—^, 



p dr a^-^h^^i^ 



r dr a^+b'^ — r^ 
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dp p ' ab 

■" ah 

' ' dp, ah 

(a*)* (ai)l 

Hence ^^RkJ-^l^^^^Tprlh. 

{ah)i 

But sdnoe, in an ellipse, the sum of the squares of any two 
conjugate diameters is equal to the sum of the squares of the 
major and minor axes, therefore (2a)2-i-(26)2=(2r)2H-(2r,)2, 

or a^ 4- 6^ =^ -j_ r}^ 

The form of the evolute of an ellipse is represented in the 
£gure. 

(12.) Find the equation to the evolute of the logarithmic 
curve. 

y =«€!", the equation to the curve, 
'^ ax a a dar a ax a a c? 

1+^=1+4=^. 

a^ a^ 

/J ^2 

y^—(iy— -«^-y^» 2/-^^= — a^, y2_ _^=: __, 



^-i.+i 



2 /J2-8a» /3±032-8a»)* 
=—16—' ■• y= V 
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T>„x dcL dy y da 

dfi dx a ^ dfi 

da /3± 032-8^2)1. ^. ^ ^, T . 

• • — ^ ■77;= ^^ — 3 — IS the equation to the evolute. 

dj3 4 

(13.) K J9 be the point of intersection of the directrix and 
axis of the common parabola, and jPiT, QM 



^ 




be ordinates of corresponding points in the pa- 
rabola and its evolute; show that 2)if=32)iV. 

The evolute of the common parabola is the 
semicubical parabola. 

The normal to the curve is the tangent to the evolute. 
y^=z4cax, the equation to the common parabola, 

4 
P^=-^=- (a-'2 of, ..... semicubical parabola, 

ds! 
y^-^y^. ~ — (^,-~^), equation to the normal, 

y , y , y X ^+2a 

Let y=0, then ^,=ay-|-2a, the part cut off from the axis 
of X by the normal to the curve. 

Again 21og/3=log^+31og(.-2«), 2|.1=3.^, 

da 2 » da 2 

da a + 4flj 
.*. a— /3-j3= — 5 — > the part cut off from the axis of ;» by 
dp o • 

the tangent to the evolute. 

a-^-^d 
Hence ^-|-2a= — 5 — > 3^+6a=a-|-4a!, 

.*. 3^=:a — 2a, 
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But Z)iV=a-|-ar, x^DN^a, 
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3a?=32>iV— 3a, 
a— 2a=2>if— 3a. 



(14.) In an ellipse, e being the eccentricity, determine 
the radius of curvature in terms of the angle made by the 
normal with the major axis. 



Normal P^ 



=5^ V 



14 



rfy 



da^ 



Sini>(?ir=sin^=J|=-i^, 

. . 1 

.. sm0= 




Now v=- Va^—x^. 
a 



the equation to the ellipse, 
dy b X 



a2(a2-^ a^a^-a?) 



ha 



:. (1 +«2)}= ("'~^'^* . and y= - - 

Hence ,J=_(l±^*=(^!zif^*. 

^ oa 



(1) 



1 a^— ic2 

Now sin^Ass- 5=-3 o-5» a^in^A— e^o^gin^Assa^— 05*, 

^ 1 + />^ a^ — «*ar ' ^ ^ 

(l-e28inV)a^=«^(l-sin2^), ••• «*=X=^^' 

1 — e^n^^ 

1 — «%in^0 1 — Ain*^ 
and, substituting this value of a^—^v? m wsjjms^^ss^^^^ 
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fta(l-^sm20)4 l(i_^sii,2^)S 

""(1 «^2)i . (1 -«2siii20)*'"(l -«%in20)4 ' 

(15.) An inextensible cord AB is attaohed to a stone 
at B, and a person holding the other extremity of the cord, 
moves with it at right-angles to AB uniformly along the 
straight line AC } it is required to determine the equation 
to the curve described by the stone, and to find its evolute. 

Let the person be supposed to move in the direction AC 
until he arrives at any point T, while the 
stone moves along the curve BF ; the cord 
will then be in the position FT, and since up 
to this moment the stone has never been so ^' 
near to the line AC aa it now is, the line FT produced 
would not cut the curve BF ; hence FT, or the cord in any 
position, is a tangent to the curve. 

Let AN^Xj iVT=y, AB=:a ; then 

SubtangentiV^I'=y— > and NT^=:FT^-NF^, or 

(c[oc\ dec I 

—\ =a2— y2^ /. y-jr= ± V a^— y2^ the equation 

required. 

Hence the curve is the tractory, and ^C is its directrix. 




The equation may be readily reduced to y a/ 1 ^^H^^siaj 



d^ 
dy 
a form in which it is frequently given. 

(dx\ ^ \ c^ 
-r\ =— 5^=— o —If 
dyl p^ y^ 

i2 — 
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Again *^=^=i=, ,. j=^=_f!j!f_, 



.•.y-/3=-i±£!=-^ 



2 a2 






dx y Va? — y^ ^* 

„ dfi dl3 dx a2 a2-y2 >/^2Z72 

Hence -i^=:-^.— = :^= ^^ 

rfa fl^ic da, yVd^—y^ a^ y 



a/ 



2 «* 






J 

tlie equation to the evolute. Hence the evolute to the 

tractrix is the catenary. 

(16.) The equation to a circle being y=(a2_a^ij prove 

that the radius of curvature equals a. 

fly t/ 
(17.) -j+^=l being the equation to the ellipse; show 

that the Idius of curvature is ^^^^, where the eccen- 

tncity «= • 

a? 
(18.) In the cubical parabola^ vrhose equation is y=:-—^\ 

show that the radius of curvature is — ^ ^ . ' • 

(19.) Prove that in the circle, parabola, ellipse, and hy- 
perbola^ or in any plane curve whose equation is of the 
second degree, the radius of curvature varies as the cube of 
the normal. 
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(20.) The equation to the rectangular hyperbola is 
y2 — ic2 _^ ^2 = ; show that the radius of curvature is 

:; — ^f and that the equation to its evolute is 

a»-^=(2a)». 

(21.) Determine the radius of curvature to the curve 

CEdled the tractrix, the equation being y = j- v^c^— y^. 

(22.) The polar equation to the lemniscata of Bemouilli 

is r2=tt2cos2d : show that the radius of curvature is •;r-* 

or 

^23.) Prove that the length of the arc of the evolute in- 
tercepted between two radii of curvature is equal to the 
difference between the lengths of those radii. 

(24.) Show that in the common parabola^ whose equation 
is y^=^axy the radius oi curvature is greatest at the vertex, 
that the radius of curvature at that point is half the latus 
recttun, and determine the equation to the evolute. 

(25.) If iV be the normal and B the radius of curvature 
to a point in the ellipse ; prove that N^a^-^-Bb^^zO, 

(26.) r=:—y=. being the equation to the lituus ; show that 

the radius of curvature is rr-rrri — ^• 

2a'^(4flr — r*) 

(27.) If r=/(6), find an expression for the radius of cur- 
vature, that is, prove that 
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(28.) The equation to the logarithmic or equiangular spiral, 
referred to /? and r, is jp=mr ; show that the radius of cur- 

P 
yature is -^> and that to this spiral the evolute is a similar 

spiral. 

y^ y^ 

(29.) -2+T2 ~^ being the equation to the ellipse ; show 

« 

that the equation to its evolute is (aa)t-f (6^)t=(a2— J2j#^ 
and exhibit its form and position with respect to the centre 
iA the ellipse. 

(30.) In the hyperbola, the focus being considered as the 
pole^ the length of the perpendictdar on the tangent is 

rj show that the chord of curvature throuirh the 

(2a-h^)* 

. . 2r(2a + r) 

focus IS ^ -• 

a 

(31.) The equation between p and r in the epicycloid 
is (c*— a^^=(;2(r2— a2j^ prove that the radius of curvature 

ifll-v/(c2_a2)(r2-a2). 
c 

(32.) The equation to the involute of the circle is 
aO+asec"^ f-j=(r2— a2ji . prove that its radius of curva- 
ture is j9, and that its evolute is a circle whose centre is the 
origin, and radius a. 

(33.) The equation to the hypocycloid is a#-|-^#=ai; 
show that the equation to its evolute is 

(a+^)f+(a-j3)»=2a». 

(^34.) Eeferring to example 22, and letting R and R^ re- 
spectively represent the radii of curvatuxe «.t \»\!l<& ^-s^^sas^o^s^ 

o 
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of the major and minor axes of an ellipse, prove that the 

length of the evolute is 4 (-7 j • 

(35.) It heing the radius of curvature, and * the length of 

an arc of a plane curve : show that .ff = db rs-* 

dxdy 

(36.) Considering the earth to be an oblate spheroid, or 
ellipsoid, 2 a its equatorial and 2 b its polar diameter, m and m, 
respectively the lengths of an arc of 1^ of a meridian in 
two given latitudes X and X,, and considering these lengths 
to coincide with the osculating circles through their middle 
. points ; show, by reference to Ex. 14, that the 
equatorial diameter : polar diameter 

:: {m^sin^X— mj^sin^X,}^ : {m.^cos^X,— m^cos^X}^. 

(37.) Show how the result of the last example would be 
modified if one of the arcs of the meridian were measured 
at the equator. 

(38.) Let ^P be a parabola, F any point in the curve, 
draw the tangent FT, and the normal FG ; through T, the 
point in which the tangent intersects the axis of absciss®, 
draw TQ at right-angles to that axis, produce FG to meet 
TQ in Q ; prove that the radius of curvature at jP is equal 
to GQ, and show the centre of the osculating circle. 

(39.) The equation to a curve being a;— sec2y=0; show 
that -=:2x(aP—l)\ and that the radius of curvature 
. (2a^-l)2 

IS -^ -. ^' 

4a; 
(40.) If, in the common parabola^ a point, determined 
by x=3a, be taken ; show that the part of the radius « of 
curvature below the axis of x ia 12 a. 
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(41.) J£ ds represent the small arc between two points 
(x, y), (x-{-dXy y+dy), in a curve, and R the radius of cur- 
vature, investigate a general expression for that radius, 
virhatever be the independent variable ; that is, prove that 

di^ 

7?=-;^; — ; ;« — —9 aud thcnco deduce expressions for R 

d^xdy — dydx 

when X, y and s be severally taken as the independent 

variable. 

(42.) Show that, if an inextensible thread were appUed 
to the evolute of a curve, and were to be gradually unwound, 
a fixed point in the thread would describe the involute or 
original curve. 

(43.) Prove that the tangent to the evolute is the normal 
to the involute. 

(44.) Prove that, when the radius of curvature is either 
a maximum or a Tnininruni, the contact is of the third order. 



CHAPTER XVI. 

ENVELOPES TO LINES AND SUBFAGES. 

Considering the evolute to a curve to be generated by the 
xdtimate intersections of consecutive normals, the evolute is 
their envelope. 

If /(a;, y, a)=0 be the equation to a system of known 
curves, intersecting each other in points determined by x 
and y remaining constant whilst the variable parameter a, 
undergoes an infinitely small variation so as to become da, 
the problem of finding the equatioiL to ^<& eeN^o^^KwsiSsj^vsfe. 
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itself into that of finding an equation involving x^ y and 
constant quantities only, a, being eliminated between the 
equations /(i», y, a)=0, said/(x, y, a-f-<fa)=0. 

If there are several equations of condition involving the 
parameter, it is expedient to have recourse to the method of 
indeterminate mtdtipliers, as in example 2. 

This method of finding envelopes may be applied to the 
determining of the equation to the evolute of a curve. 

Ex. (1.) A series of equal ellipses are so placed that their 
axes are in the same straight lines, the ellipticities alone 
being variable ; find the equation to the curve which will 
touch all the ellipses. 

Let the constant rectangle ab=zfn^, 

—J +-7^=1, the equation to the ellipse. 

Here, a and b being variable, we must consider x, y and m 
constant, and differentiate with respect to a and h. 

x^'2a ' y^'2b db ^^-._^ . ^__ 5»«2 

a4 b^ 'da ' b^'da" a«' ''da ^' 

db . . db i 

a— -fJ=:0, •••3-= 

aa da a 

Hence ^=t 6^a?=«V, 4=^. 









4ay _ 

02^2 - ^' 



.'. 2a:^=a^=m2, the equation to a rectangular hyperbola 
referred to its as3nnptotes. 

(2.) A straight Hne, whose length is /, slides down be- 
tween two rectangular axes x and '^ \ ^T^d thft e(\uatian to 
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the envelope of the line in all its positions, that is to the 
curve to which the line is always a tangent. 

Let a and h be the variable intercepts of the line on the 

axes, then 

X y 

— \-^=lf the equation to the line, 

a 

a^+b^=P. Euc. b. Lp. 47. 

Now, a and b being variable^ we must differentiate consi- 
dering X, y and J constant. 

2a — + 2^=0, ada-\-hdh=^0, . . , (2) 

do 

Multiply (2) by the indeterminate multiplier X. 

\ada 4- \hdh = 0. Add equation (1). 

(j4.X«)rf«+(^4.x6)rfJ=0. 



\ 



X 



My y 

Assume -^-|-Xa=0, and ^^-f-X6=0, then 

a^ Ir 



f+Xa2=:0 
a 





' .•.-■ff-fX(a2+&2)=0, or 



a h 



Hence a:jt-|-y#=?f, the equation to the locus of the idti- 
mate intersections of the line'. 

(3.) To determine the curve whose tangent cuts ofrfix)m 
the axes a constant area. 

O 2 
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P^rst; if the axes be reetangular, let a and b be the vari- 
able parts cut oE, and m^=the constant area. 

OS fi 

— hT=l> the equation to the line, . . (1) 

a o 

—z=zm^, the area. .... (2) 

Now, differentiating with respect to the variables a and i, 
considering a, y and m constant, we have from (1) 

- 2m2 dh 2w2 

a da a^ 

-_ &2a; 2m2 ,^ 2m*y , -/I • m \/v 
Hence -5-=— =-» «ra= > 0^ 7= — 2. 

2rn? _ „ wx v^m^/x 
a= rsZw*-— T= ^= 7= — • 

h V 2 • m V y v y 

.. — ^---rraj.—— ^4-y.__ —.«. -^^ 7==1, 

a h V 2wi V a; v2wivy wv2 wi v 2 

ft / — /s: /*~" ••• ^ 

.". 2va:^=wv2, vxy=^—p=Li «y— — * 

the equation to a rectangular hyperbola^ whose aEiymptotes 
are the axes of x and y. 

Secondly, if the axes be oblique, let them be inclined at 
any angle a, a and h being the parts cut 0% and m^ the 
area ; then 

aisina „ , 2m^ 1 dh 2m* 1 

2 sma a da sma a^ 

Also -;-= 7- as in the first case. 

da ahf 
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Hence -5-=-—-: — j ^= — r-^> ^= >- .-= ==> 
o^ a'^ina ossma vajvsina 



bsma V^m\/yvdna A/yvana 
a 5 \/2 m va v2ot vy m -v^ 2 



m? 



/. a5y=:-^7-: — > the equation to a hyperbola whose asymp- 
2 sin a 

totes are the oblique axes Axj Ay, 





A T 



(4.) Determine the> equation to the curve which touches 
all the curves included under the equation 

V=a:tand -ri ot:' t^e variable being d. 

^ 4Acos26^ ® 

Differentiating with respect to 0, considering or, y and h 
constant, 

1 8i^.;r^co30sind i_^ ^^ 

co^ 16A2cos*« 4 "IX'cose' 

tan6=— > l+tan2e=l+-^=— ^ — =sec2|9, 

.'. COS^Orr-:; 7T«> 4A COs20= 






4Acos2d 4A^ 4A 

Hence y=2A— jr — A=A— jr' tl^o equation required. 
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If, in this problem, we consider h to vary as well as Q, 
and if some constant area wi^rsA^sin^OcosO ; then we have 

y=^tan0-— —»•••(!) and h=—— — t-^---(2) 

4A cos-* d sma cos* 

a? a?^sin*6 

/. y=iFtan6 3 5-:-=iFtanO— 



4:mcos2d 4:mcos*d 



siniOcos*6^ 



:, v^iFtanO— -. — tant^. 

Differentiating with respect to 0, considering a, y and m 
constant, 

O=^sec20- --tan*0.sec20, -ltan*0=l, 

4m 2 8m 

^ 1^ 8m ^ ^ 64m2 . 512m^ 

taa*e=-^, taiie=-g^, tan*0=^^. 

Whence by substitution in (1) we have 
_ 64m2 sfi 512m8_64m2 __ 128m2 
^"^ 9^ 4^' 27a^2 " 9d? 27^ 

192m2~128m2 64m2 /4\3 „ 

= 27^ =177- •• ^^=(3) ^' 

(5.) Two diameters of a circle intersect at right-angles; 
find the locus of the intersections of the chords joining the 
extremities of the ^diameters, while the diameters perform a 
complete revolution. 

Let AB, -4i be two semi-diameters at right- 
angles, 2a the diameter of the circle, A the 
origin of co-ordinates, r-=.AP the line joining 
the origin and point of intersection of the 
chords. Then 

^^:=-=sini?^P=:isin45«=-4=> /. r= ^ 




AB a -/2 */i 
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Now, tliis problem is the same as that of determining the 
curve to which the chord at its middle point shall be eon- 
stantly a tangent ; and y = mx + r v w^-f 1 is the equation 
to a straight line, r being the perpendicular upon it from 
the origin. 

Differentiating this equation with respect to m, consider- 
ing a?, y, and r constant, 

m vni^+l r wi^+l r^ 



0=d?+^ 



— 9 



- 1 r2 1 r^ i^-^o? „ 0? 

^H — 2— T^' ~^— ^'"^— — 13 — ' ^=15 — :3' 

m^ a^ wr or ac^ r — sr 

X o . -1 ^ 1 ^ 

*»=— » |»24-l=-5 3+1=' 



Hence y=— =;^=H — =--- =yy2~iK2, 

vr^ — a^ V r^ — a;^ v r^ — ^c^ 



.", y2--^2_/p2^ 



a2 



ir2^y2-_y.2-- , Ij1j3 equation to a circle, whose radius 

is -^> and whose centre coincides with that of the original 

circle. 

(6.) If(a?-a)2+(y-.^)2+;^2=r2, anda24.^2=c2; deter- 
mine the equation to the envelope of the system of spheres 
defined by these two equations. 

Differentiating with regard to a and hy considering x, y, z 
and c constant, we have, 
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Multiplying the last equation by the indeterminate multi- 
plier X, and adding, we have 

(a:+Xa— a) <ia-f-(y+X6— 5) db=0, 

.*. Xa+a:— a=0, ...(1) \b-\-y—b=^0, ...(2); whence by 

eliminating; X we have -=4» 

a b 

Again (1) \a^-i-aa:-a^=0, (2) XiH^y-^=0, 

.-. X(aH^+a^+fty-(aH^=0, 

.•.X=l-^!^, ...(3) vaHi^=^. 

But a^+5y=^4.— =(aHft^- /. ?^=?. 

Abo ^+y2=^+*!^=(«2+j^4. ., (^5^*^-. 

Hence X=lq: ^'^'^^^ - Substituting in (1), (2), 

c 

c c 

(/ c 

=(ar— a)2+(y— ^)2, or 

/. a^+t/^+z^dz^c {a^+y^^=r^—c^ is the equation to the 
envelope of the system of spheres. 

(7.) Two straight lines fi and v, of variable length, are 
drawn at right-angles to the aids of x, oixie of them v passing 
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through the origin of coH>rdinates :• now if they vary in such 
a manner that the rectangle contained by them is a constant 
quantity equal to h^ ; determine the curve to which the 
straight line passing through their upper extremities is 
always a tangent. 

Let^i>=r, £C=fi, AB=2a, AN=zx, NP=iy. Then 

BC'AD^tiv-h\ 

PN BO AD 



TN TB AT 



or 




AT -\- x'~ AT -\-2ii~ AT 
:.f^.AT=v*AT+vx, and y^AT+2ay=fX'AT-iriicQ, 
{y'-v)AT-=.vXy {y'-}x)AT=yLX—2ay, 

_ J/ 

Hence =^-- ^y .. ^ ,» =- -* or 

y-^v y-ti h^ y-fi 

_^ ux^2ay^ or f^^x=^.2ay+b^{x^2a), 

where fi alone is to be considered variable. 
Differentiating with respect to /z, we have 

ay „ a^y^ 

Hence, by substitution, — ^ ;= — ^ + ^ (x^2a), 

X X 

aY=b^{2ax-a^, or 

y^=z — {2ax—aP), the equation to an ellipse, referred to 
the vertex. 
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(8.) K a series of parabolas be included under the equa- 
tion y^=:a{x—a), a being the variable parameter; show 
that thej will all be touched bj the two straight lines de- 
termined by the equations y =4- o^> J'^—o^j ^^^ draw 

these lines. 

« 

(9.) Show how the method of determining envelopes maj 
be applied to finding the evolute of a curve, and apply it to 
determine the evolute of the ellipse, whose equation, re- 

ferred to the centre, is -s-f 4o = !• 

Equation to evolute (aa)*+(6/3)*=(a2^^l. 
(10.) Prove that the curve which touches all the straight 

lines determined by the equation y={w?-| 1 where a is 

a 

variable, is the common parabola. 

(11.) A system of ellipses, with coincident but variable 
axes, is subject to the condition that a^+b^=m^, a and h 
being the major and minor axes; determine the curve which 
shall be the envelope of the system. 

(12.) If shot be discharged from a cannon with a oon- 
stant velocity, but at various angles of elevation, they 
will describe the parabolas included under the equation 

y^=.ax— (1 -f-a^) j-> a being the variable parameter. Show 

that the curve which will touch all these parabolas is itself 

a parabola whose equation is y=c— -j— • 

(13.) Considering the envelope to be formed by the inter- 
sections of straight lines ; show that the problem '' to deter- 
mme the equation to the envelope ** is the inverse of the 
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problem " to determine the equation to a tangent to a 



curve." 



(14.) If />, be a perpendicular of constant length from the 

origin upon the straight lines defined by y=aa:+/?, {a^-\- 1)^; 
show that the envelope of all these lines is a circle whose 
radius is />,. 

(15.) If a surface be produced by the continued intersec- 

iX* V 2! 

tion of planes represented by the equation — l-yH — =1, 
where ahc=^m^ ; a, h, c being variable, and m* constant ; 

— ) • 

(16.) A straight Hne, cutting from two straight lines 
which meet in any angle, two segments whose sum is a, is a 
tangent to a curve ; prove that that curve is a parabola, and 
trace it. 

(17.) If on one side of a horizontal straight line AE an in- 
definite number of parabolas of equal area be described from 
a common point A, with their axes perpendicular to AH, 

the equation to this system of parabolas is atf=i2a^aia—a^, 
where a is variable ; prove that the curve which will touch 
them all is an equilateral hyperbola whose equation is 

xy^^-^a^y AR and a perpendicular to it fit)m A being its 

asymptotic axes. 
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CHAPTER XVIL 

MISCELLANEOUS EXERCISES. 

(1.) Prove the ordinary rules for differentiation. 

(2.) Explain the difference between explicit and implicit 
functions. 

(3.) Define and illustrate the terms " limit," " differen- 
tial," " differential coefficient." 

(4.) Explain the difference between algebraic and trans- 
cendental Ainctions. 

(5.) Investigate the differentials of t«=sind?, tt=ntaii09 

(6.) Prove Taylor's Theorem, and from it deduce Stirling's 
or Maclaurin*s Theorem, and the Binomial Theorem of 
Newton. 

(7.) If y = «*smd7; show, by means of the theorem of 

Leibnitz, that -7-^= 2^6* sin (a: +W2) • 

(8.) In what manner may the value of a fraction be 
determined when its nimierator and denominator vamsh 
simultaneously ? 

(9.) If u=:f(x) ; show that ^ is a maTrimum or TniTiimnTn 
when an odd nimiber of differential coefficients becomix]ig=sO, 
the differential coefficient of the next succeeding order la 
negative or positive. 

(10.) Deduce the equation to a straight line, y:=mx+hy 

and show that the equation to a ]L>erpendicular to it is 

1 

y= w+b. 

m 
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(11.) Show that the equation to a straight line, which 
intersects the axis of ^ at a distance a from the origin of 
co-ordinates, and the axis of y at a distance b from that 

origin, is^H — =1. 
a 

(12.) Show that the equation to a tangent to a curve, re- 
ferred to rectangular co-ordinates, is (y,— -y)=-^ (x^—a). 

(13.) HAT and AD be the intercepts of the tangent on 

the axes of x and y respectively ; prove that AT=zy-- x, 

dy 

dtj 
and AD =. y -- X -j-y and determine the equation to the 

dx 

normaL 

(14.) Determine the differential expression for the sub- 
tangent, subnormal, tangent, normal, perpendicular on tan- 
gent, and the tangent of the angle which the tangent makes 
with a line from the origin. 

(15.) If u=:f{x,y); prove that du=zl—jdx-^(^jdyy 

d u d u 
and that —. — r = -; — ;-• 
dydx dxdy 

(16.) 'Hu=if(jyj z), where y, z, and consequently «, are 
functions of ^ ; show that du= ( — ) dy+ l-j-j dz, 

(17.) Determine the conditions upon which a function of 
two independent variables is a maximum or miTiinmiTn. 

(18.) Determine the differential expression for the area of 
a plane curve, and if « be the length, and -j^p j prove 

that^=(l+/>^*. 
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(19.) If /S' be the surface and V the volume of a solid 
generated \j the revolution of a curve round its axis ; show 

that4^=7r/, and ^=2,1^(1 +jp2)*. 
ax ax 

(20.) If r and r, be the radii of the greater and smaller 
ends of the frustrum of a right cone, and a the slant height; 
prove that the area of the frustrum is wa (r+^i)« 

(21.) If r be the radius vector, p the perpendicular on 
the tangent, and Q the angle swept out by the revolution of r 

round the pole S; show that "q'=^^+{;j^) > where «=-; 
and that — = 



dr r (r^ —jf)^ 
(22.) If in polar curves p be the length of the perpendi- 
cular upon the tangent ; find the value of jt> in the circle, 
parabola^ ellipse, and hyperbola. 

(23.) Define the rectilinear asymptote and the asymptotic 
circle. 

(24.) Define conjugate points, double points, cusps, and 
points of contrary flexure, and show that a curve is concave 

or convex to the axis according as y and -^ have the same 

or different signs. 

(25.) Prove that, in spirals, the curve is concave or convex 

towards the pole, according as -^ is positive or negative. 
(26.) If A be the area^ and 8 the length of a plane curve ; 

prove that ^=y, and ^=^r2, 55=V^+y 

, ds r 

and -T-= r» 

dr (y^^y^i 
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(27.) Prove that, in spirala, the subtangent =zr^ — 
=: — ~ -> and show how to draw the asymptote to a 

spiral 

(28.) Explain what is meant by the osculating circle; 
and show that the evohites of aQ algebraic curves are recti- 
ficable. 

(29.) Explain the theory of the different orders of contact 
of plane curves ; point out the exceptions to the rule that 
every curve is cut by its circle of curvature, and show how 
these exceptions apply to the ellipse. 

(30.) ExplaLu the difference between Taylor's and Mac- 
laurin's Theorems, and point out the circumstances under 
which the former sometimes £uls. 

(31.) Investigate Lagrange's* Theorem, and apply it to 
determine a general law for the inversion of series by means 
of the equation ^ = ay + &y2 ^ ^^ ^ ^^ _l_ ^c. 

(32.) Apply Lagrange's Theorem to the determination 
of the four first terms of the development of y*", when 
y=a-f-ary" j and find the general term in the expansion of 

0?^ in a series of powers of cos6>, when x-i — =2 cosO. 

(33.) If «=g - [x^ -y) . j-ip' ^ ^^8 ^^ i^de- 

* Ify—z + xp (y), and ifu^f(y), /and being any functions what- 
ever, then 

p2 
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pendent variable ; show that, when x becomes cosO, and B ib 

made the independent variable, ^=(~7^"fy) cosec^d. 

(34.) Explain exactly the mode in which the following 
curves are generated, construct them, and thence deiife 
their equations : namely, the circle, parabola^ ellipse, hyper- 
bola, cissoid of Diocles, conchoid of Nioomedes (superior aad 
inferior), cycloid, epicycloid, lemniscata of Bemoiulli, quadift- 
trix of Dinostratus, involute of the circle, catenary, tractory, 
elastic curve, witch of Agnesi, curve of sines, cardioid, tri- 
sectrix, logarithmic or equiangular spiral, spiral of Archi- 
medes, hyperbolic or reciprocal spiral, lituus, parabolic 
spiral 

(35.) Show what kind of curves are included under the 
equations y2=j|i^-|-jia^j r=asinn0, r=acosd-|-J, r=a6^, 
r=asinn6-f isinw,0-|-c8inn„0-f-&c. respectively. 
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C.E It, 

63, 64, 65. Agricultural Buildings, Treatise on the Construction of^ 

on Motive Powers, and the Machinery of the Steading; and on 
Agricultural Field Engines, Machines, and Implement, by G. H. 
Andrews, 3 vols 3t. 

66. Clay Lands and Loamy Soils, Treatise on, by Prof. Donaldson, A.E. 1«. 

67, 68. Clock and Watch-making, and on Church Clocks, Treatise 

on, by E. B. Denison, M.A., 2 vols 2f. 

69, 70. Music, Practical Treatise on, by C. C. Spencer, 2 vols. . . 2ff. 

71. Piano-Forte, Instruction for Playing the, by the same . . .It. 

72, 73, 74, 75. Recent Fossil Shells, Treatise (A Manual of the 

MoUusca) on, by Samuel P. Woodward, and illustrations, 

4 vols, • • • . • 4t. 

T6, TT. Descriptivs Geometry, Trcatiae oii, \i^ 5.^.'SAfta«Mst,^.k,, 

2 vols. . . . '^^ 

/*: Economy ov Fuel, Treatise on, paiticxAwV? mV:^ Tfcl«feTiC^\» "«a- 
rerheratory Furnaces for the Mwiuiwitoe ol Itwi «aA ^xjwkbi 
Boilers, bv T. S. Prideanx. £&a * * 
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78^ 79. Steam as applied to General Purposes and Locomotive 

Engines, Treatise on, by J. Sewell, C.E., 2 vols 25. 

79* Rudimentary Work, on PnoroGRAPHY, containing full instructions 
in the Art of producing Photographic Pictures on any material 
and in any colour ; and also Tables of the Composition and Pro- 
perties of the Chemical Substances used in the several Photographic 
Processes. By Dr. H. Halleur, of Berlin. Translated from the 
German, by the advice of Baron A. von Humboldt, by Dr. Strauss Is. 

SOf 81. Marine Engines, and on the Screw, &c., Treatise on, by R. 

Murray, C.E.,n2 vols. 2«. 

80*, 81*. Embanking Lands from the Sea, the Practice of, treated as 
a Means of Profitable Employment of Capital, by John Wiggins^ 
F.G.S., Land Agent and Surveyor, 2 vols. ..... 2«. 

82. 82*. Power of Water, as applied to Drive Flour-Mills, 

Treatise on the, by Joseph Gl3rnn, F.R.S., C.E 28, 

83. Book-Keeping, Treatise on, by James Haddon, M. A. . . . Is. 

82**, 83*. Coal Gas, Practical Treatise on the Manufacture and Distri- 
bution of, by Samuel Hughes, C.E., 3 vols. . . , , Zs. 

83**. Construction of Locks, Treatise on the, with illustrations . Is, 6d. 

83 bis. Principles of the Forms of Ships and Boats, by W. 

Bland, Esq. U. 

84. Arithmetic, Elementary Treatise on, the Theory, and numerous Ex- 

amples for Practice, and for Self-Examination, by Prof. J. R. Young ls.6<L 
84*. Key to the above, by Prof. J. R. Young . . . . Is, 6(L 

85. EquATioNAL Arithmetic : (Questions of Literest, Annuities, and 

General Commerce, by W. Hipsley, Esq. 1«. 

86. 87. Algebra, Elements of, for the use of Schools and Self-Instruc- 

tion, by James Haddon, M.A., 2 vols. 2s, 

88, 89. Geometry, Principles of, by Henry Law, C.E., 2 vols. . . 2a. 

90. Geometry, Analytical, by James Hann Is, 

91, 92. Plane and Spherical Trigonometry, Treatises on, by the 

same, 2 vols 28., 

93. Mensuration, Elements and Practice of, by T. Baker, C.E. . . Is, 

94, 95. Logarithms, Treatise on, and Tables for facilitating Astrono- 

mical, Nautical, Trigonometrical, and Logarithmic Calculations, by 

H. Law, C.B., 2 vols. 2s, 

1^96. Popular Astronomy, Elementary Treatise on, by the Rev. Robert 

Main, M.R.A.S. ,,.,',,.. Is. 

97, Statics and Dynamics, Principles and Practice of, by T. Baker, C.E. Is. 

98, 98*. Mechanism, and Practical Construction op Machines^ 

Elements of, by the same, 2 vols, «,>>•• 2f. 

99, 100. Nautical Astronomy and Navigation, Theory and Practice 

of, by H. W. Jeans, R.N.C., Portsmouth, 2 vols. , , , 28. 

101. Differential Calculus, by W. S. B. Woolhouse, F.R.A.S. . . Is. 

102. Integral Calculus, by Homersham Cox, M.A Is. 

103. Integral Calculus, Collection of Examples of the, by James Hann Is, 

104. Differential Calculus, Collection of Examples of the, by J. 

Haddon, M. A . ^» 

105. Algebra, Geometry, and TB.\QO^^$«Ktwi , ^*v«X» ^^^sKONssssiRs^ ^^ 

Leasona in, by the Rev. T\iom&% p«tt^^N«a.^^2^«ss>ssi> w^.K. 
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BUDIMENTABY WORKS. 

vrnvF BmmxMB or asucATzoHAXi.'vroRxsi 

OR 

Volumes intended for Public Instruction and for Eeference: 

Now in the. course of Publication, 

The public favour with which the Rudimentary Works on scientific subjeetol 
been received induces the Publisher to commence a New Series, somewhat T' 
in character, but which, it is hoped, may be found equally serviceable. 
Dictionaries of the Modern Languages are arranged for facility of 
so that tiie English traveller on the Continent and theForeigner in England I 
find in them an easy means of communication, although possessing but a 
acquaintance with tiie respective languages. They will also be found of 
service for the desk in the merchant's office and the counting-house, and 
particularly to a numerous class who are anxious to acquire a knowle % e-< 
languages so generally used in mercantile and commercial transactions. 

The want of small and concise Greek and Latin Dictionaries has long 
felt by the younger students in schools, and by the classical scholar who re<_ 
a book that may be carried in the pocket ; and it is believed that the promt 
the first attempt which has been made to offer a complete Lexicon of the 
Language in so small a compass. 

In the volumes on England, Greece and Rome, it is intended to treat 
History as a Science, and to present in a connected view an analyns of the large 
and expensive works of the most highly valued historieal writers. The ext^isive ^ 
circulation of tlie preceding Series on the pure and applied Sdeneea amonj 
students, practical mechanics, and othei's, affords conclusive evidence of 
desire of our industrious classes to acquire substantial knowledge, when 
within their reach ; and this has induced tlie hope that the volumes on ~ 
will be found profitable not only in an intellectual point of view, but, which b 
still higher importance, in the social improvement of the people ; for wit~ 
a knowledge of the principles of the English constitution, and of those e^ 
which have more especially tended to promote our commercial prosperity 
political freedom, it is impossible that a correct judgment can be formed b^ 
mass of the people of the measures best calculated to increase the nat' 
welfare, or of the character of men best qualified to represent them in Parliament j 
and this knowledge becomes indispensable in exact proportion as the eleetii 
franchise may be extended and tlie system of government become more 
the influence of pubHc opinion. 

The scholastic application of these volumes has not been overlooked, and 
comparison of the text with the examinations for degrees given, will show 
appUcability to the course of historic study pursued in the Universitias 
Cambridge and London. 

1, 2. Constitutional History of England, 2 vols., by W. D. Hamilton 

3, 4. ■ ■ . down to Victoria, by the 

same . ........... 

5. Outline of the History of Greece, by the same .... 

6. -^ — » to its becoming a Roman 

Province, by the same la, 

/. Outline History op Rome, by the e&me L 

A — XO THE T>E,ClA^^>^i'S ^^ «S«Slft 
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r- DESIGNING, MEASURING, AND 

Abbreviations — Abstracting of 
Plasterers' work — Example of Bill 
of Plasterers' work. 

ALUATION. 

Memoranda of quantities of ma- 
^ terials — Constants of Labour. 
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SMITH AND FOUNPER. 
.W THE Use of Metal-work in 

AaCH ITECTURE. 

}• Iron not rigbtly to be used much 

more now than in the middle ages — 
Substitutes for the present extrava- 

' gant use of iron — Fire-proof (and 
sanitary) ceiling and flooring — ^Fire- 
proof roof -framing in brick and iron 
— Another method, applicable to 
hipped roofs — A mode of untrussed 
roof-framing in iron only — A prin- 
ciple for iron trussed roofing on any 
plan or scale — Another variation 
thereof — On the decoration of me- 
tallic architecture. 



VALUING ARTIFICERS* WORKS. 

Measurement of Smiths' and Foun- 
ders' work. 

PLUMBER, PAINTER, 
GLAZIER, &c. 

Design, &c. of Lead-work. 
Measurement of Paint- work — 

Abbreviations. 

Specimen of the measuring-book 

— Abstract of Paint-work— Example 

of Bill of Paint-work. 
Valuation of Paint-work. 

Constants of Labour — Measure- i 

ment and Valuation of Glazing — 

Measurement and Valuation of 

Paper-hanging. 

APPENDIX ON WARMING. 

Modifications of sanitary construction 
to suit the English open fire — 
More economic modes of warming in 
public buildings — Ditto, for private 
ones — Warming by gas. 



In I2mo., price ba. bound and lettered, 

THE OPERATIVE MECHANIC'S WORKSHOP 

COMPANION, AND THE SCIENTIFIC 

GENTLEMAN'S PRACTICAL ASSISTANT; 

Domprising a great yariety of the most useful Rules in Mechanical 
Science, divested of mathematical complexity; with numerous 
Tables of Practical Data and Calculated Results^ for facilitating 
Mechanical and Commercial Transactions. 

BY W. TEMPLETON, 

AUTHOR OF SEVERAL SCIENTIFIC WORKS. 

rhird edition, with the addition of Mechanical Tables for the use 
of Operative Smiths, Millwrights, and Engineers; and practical 
directions for the Smelting of Metallic Ores. 



2 vols. 4to, price £ 2. 16«., 

CARPENTRY AND JOINERY; 

Containing 190 Plates ; a work amta^A^ Iq C,«r^^\s5u«% -m^V^nsS^^ 
amprising Elementary andPtaelicaVCat^eoJw:^ »\iSR&^^» ^ssJc&s 
in ^e Colonies. 
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THE AIDE - J^IEMOIRE TO THE MILITARY 

SCIENCES, 

Framed from Contribadons of Officers of the different Services, and J 

edited hj a Committee of the Ck)rps of Royal Engineers. The i 

work is now completed. I 

Sold in 3 vols. £ 4. lOt., extn doth boards and lettered, or in 6 Parts, as ibllo^t 





Part I. A. to D., nkw edition 

II. D. to F. 

III. F.toM. 

IV. M. toP. 
V. P. tolL 

VI. KtoZ. 
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In 1 large Volume, with numerous Tables, Engraimngs, and Cuts, 

A TEXT BOOK 

For Agents, Estate Agents, Stewards, and Private Gentlemen, 

generally, in connection with Yaloing, Survejring, Bnildiiu^ 

Letting and Leasing, Setting out, disposing, and paiticulai^ 

describing all kinds of Property, whether it be Land or Personal 

Property. Useful to 

Auctioneers Assurance Companies Landed Proprieto/i 

A.ppraisers Builders Stewards 

rVgriculturists Civil Eng^eers Surveyors 

Architects Estate Agents • Valnors, &c. 



In 1 voL large 8vo, with 13 Plates, price One Guinea, in half-morocco binding, 

MATHEMATICS FOR PRACTICAL MEN: 

Being a Common -Place Book of PURE AND MIXED MATHE- 
MATICS ; together with the Elementary Principles of Engineering; 
designed chiefly for the use of Civil Engineers, Architects, and 
Surveyors. 

BY OLINTHUS GREGORY, LL.D., F.R.A.S. 

Third fidition, revised and enlarged by HENRY LAW, Civil Engineer. 



CHAPTER I. — ^ABITHMETIC. 

{kct. 

J. Definitions and notation. 
?. Addition of whole numbers. 
Subtraction of whole numbers. 
Multiplication of whole numbers. 



CONTENTS. 

PAKT L — PURE MATHEMATICS. 

Skct. 

5. Division of whole numbers. 
Proof of the first four ruks 
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subtraction of vulgar fractions. 
— Multiplication and division 
of vulgar fractions. 

7. Decimal fractions. — Reduction of 

decimals. — Addition and sub- 
traction of decimals. — Multipli- 
cation and division of decimsQs. 

8. Complex fractions used in the arts 

and commerce. — Reduction. — 
Addition. — Subtraction and 
multiplication. — Division. — 
Duodecimals. 

9. Powers and roots. — Evolution. 

10. Proportion. — Rule of Three. — De- 

termination of ratios. 

11. Logarithmic arithmetic. — Use of 

the Tables. — Multiplication and 
division by logarithms. — Pro- 
portion, or the Rule of Three, 
by logarithms. — Evolution and 
involution by logarithms. 

12. Properties of numbers. 

CHAPTER II. — ^ALGEBRA. 

1. Definitions and notation. — 2. Ad- 
dition and subtraction. — 3. Mul- 
tiplication. — L Division. — 5. In- 
volution. — 6. Evolution. — 7. 
Surds. — Reduction. — Addition, 
subtraction, and multiplication. 
— Division, involution, and evo- 
lution. — 8. Simple equations. — 
Extermination. — Solution of 
general problems. — 9. Quadratic 
equations. — 10. Equations in 
general. — 11. Progression. — 
Arithmetical progression. — Geo- 
metrical progression. — 12. Frac- 
•tional and negative exponents. — 
13. Logarithms. — 14. Computa- 
tion of formulae. 

CHAPTER III. — GEOMETRY. 

1. Definitions. — 2. Of angles, and 
right lines, and their rectangles. 

PART II.— MIXED 

CHAPTER I. — MECHANICS IN GENERAL. 
CHAPTER II. STATICS. 

, Statical equilibrium. 
. Centre of gravity. 
J. GeDeral application of the prind- 
ples of statics to the eqmlibrvum 



Sect. 

— 3. Of triangles. — 4. Of qua- 
drilaterals and polygons. — 5. Of 
the circle, and inscribed and cir- 
cumscribed figures. — 6. Of plans 
and solids. — 7. Practical geo- 
metry. 

CHAPTER lY.-^MENSURATION. 

1. Weights and measures. — 1. Mea- 

sures of length. — 2. Measures 
of surface. — ^3. Measures of so- 
lidity and capacity. — 4. Mea- 
sures of wei|^t. — -5. Angular 
measure. — 6. Measure of time. 

— Comparison of English and 
French weights and measures. 

2. Mensuration of superficies. 

3. Mensuration of soUds. 

CHAPTER V. TRIGONOMETRY. 

1. Definitions and trigonometrical 
formulse. — 2. Trigonometrical 
Tables. — 3. General proposi- 
tions. — 4. Solution of the cases 
of plane triangles. — Right-an-. 
gled plane triangles. — 5. On the 
application of trigonometry to 
measuring heights and distances. 
— ^Determination of heights and 
distances by approximate me- 
chanical methods. 

CHAPTER VI. — CONIC SECTIONS. 

1. Definitions. — 2. Properties of the 
ellipse. — 3. Properties of the hy- 
perbola. ■— 4. Properties of the 
parabola. 

CHAPTER VII. — PROPERTIES OF 
CURVES. 

1. Definitions. — 2. The conchoid. — 
3. The cissoid. — 4. The cycloid 
and epicycloid. — 5. The quadra- 
trix. — 6. The catenary. — Rela- 
tions of Catenarian Curves. 

MATHEMATICS. 

of structures. — Equilibrium of 
piers or abutments. — Pressure 
of earth against walls.--ThLck^ 
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CHAPTER III. — DYNAMICS. 

1. General Definitions. 

2. On the general laws of uniform 

and variable motion. — Motion 
uniformly accelerated. — Motion 
of bodies under the action of 
gravity. — Motion over a fixed 
pulley, and on inclined planes. 

3. Motions about a fixed centre, or 

axis. — Centres of oscillation and 
percussion. — Simple and com- 
pound pendulums. — Centre of 
gyration, and the principles of 
rotation. — Central forces. 

4. Percussion or collision of bodies 

in motion. 
6. Mechanical powers. — Levers. — 
Wheel & axle. — Pulley. — In- 
clined plane. — Wedge and screw. 

CHAPTER rV. — HYDROSTATICS. 

1. General Definitions. — 2. Pressure 
and equilibrium of Non-elastic 
Fluids. — 3. Floating Bodies. — 
4. Specific gravities. — 5. On 
capillary attraction. 

CHAPTER V. — HYDRODYNAMICS. 

1. Motion and efiluence of liquids. 

2. Motion of water in conduit pipes 

and open canals, over weirs, 
&c. — ^Velocities of rivers. 

3. Contrivances to measure the velo- 

city of running waters. 

CHAPTER VI. PNEUMATICS. 

1. Weight and equilibrium of air and 

elastic fluids. 

2. Machines for raising water by 

the pressure of the atmosphere. 

3. Force of the Vfind. 
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CHAPTER VII. — ^MECHANICAL AOENT8 

1. Water as a mechanical agent. 

2. Air as a mechanical agent. — Coa* 

lomb's experiments. 

3. Mechanical agents depending upor 

heat. The Steam Engine.— 
Table of Pressure and Tempera- 
ture of Steam. — General de- 
scription of the mode of actior 
of the steam engine. — Theor 
of the same. — Description 
various engines, and formulae 
calculating their power : pi< 
cal application. 

4. Animal strength as a mechai J 

agent. ^ 

CHAPTER VIII. — STRENGTH OF 
MATERIALS. 

1. Results of experiments, and pri* 

ciples upon which they shov 
be practically applied. 

2. Strength of materials to re -. 

tensile and crushing strains. 
Strength of columns. 

3. Elasticity and elongation of bo^t. 

subjected to a crushing or ten 
sile strain. 

4. On the strength of materials 8ub< 

jected to a transverse strain.— 
Longitudinal form of beam oi 
uniform strength. — Transverse 
strength of othier materials than 
cast iron. — The strength r 
beams according to the manu' 
in which the load is' distributt 

5. Elasticity of bodies subjected t 

transverse strain. 

6. Strength of materials to r> 

torsion. 



APPENDIX. 

I. Table of Logftritlimic Differences. 
II. Table of Logarithmi of Numbers, from 1 to 100. 

III. Table of Logarithms of Numbers, ^m 100 to 10,000. 

IV. Table of LogtCrithmic Sines, Tangents, Secants, &c. 

V. Table of Useful Factors, extending to several places of Decimals. 
VI. Table of various Useful Numbers, with their Logarithms. 
VII. Table of Diameters, Areas, and Circumferences of Circles, &c. 
yill. Table of Relations of the Arc, Abscissa, Ordinate and Subnormal, in the Catenaiy. 
IX. Tables of the Lengths and Vibrations of Pendulums. .^^ 

X. Table of Specific Gravities. ,y ^O 

XI. Table of weight of Materials frequently employed in Construction. ■ >V 
XII. Principles of Chronometers. 
XIII, Select 3Iecbanieal Expedients. 

XIV* ObBemdoDM on the Effect of Old Londo oti ^«T\&«s, %it% 

-^ XVt FrofcBgor Fariah on Isometrical PerspecUN. 
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